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Known Majorana fermions models are considered as promising ones for the purposes of quantum
computing robust to decoherence. One of the most expecting but unachieved goals is an effective
control for braiding of Majoranas. Another one is to describe Z2 topological semimetals, APRES
spectra of which testify on eight-fold degenerate chiral fermions with SU(2) holonomy of wave
functions, whereas the last can not be reproduced within existing models. Quasi-relativistic the-
ory of non-abelian quantum charge transport in topological semimetals is developed for a model
with a number of flavors equal three. Majorana-like quasi-particle excitations in the model are
described with accounting of dynamic mass term arising due to relativistic exchange interactions.
Such exotic features of Z2 semimetals as splitting zero-conductance peaks, longitudinal magnetore-
sistance, minimal direct current conductivity, negative differential conductivity have been calculated
in perfect agreement with experimental data. We propose a new scheme of braiding for three fla-
vor Majorana-like fermions with new non-trivial braiding operator. We demonstrate that in this
model, the presence of chiral Majorana-like bound states is controlled as emergence of three pairs
of resonance-antiresonance in frequency dependence of dielectric permeability.
PACS numbers: 05.60.Gg,72.80.Vp, 73.22
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I. INTRODUCTION
Topological semimetals (SMs) are graphene-like materials with touching and non-overlapping valence and conduction
bands. SMs can exhibit unique magneto-electrical properties, including an angle-dependent magnetoresistance [1–5],
ultrahigh electroconductivity [6–10], as well as ultrahigh radiation resistance [11]. Experiments the charge transport
in Dirac materials (graphene, two-dimensional (2D) semimetals and three-dimensional (3D) topological insulators (TI)
or, more precisely, chiral edge gapless 3D-TI-modes) have revealed a chiral anomaly of their transport properties and
simultaneously signatures of zero-energy Majorana modes [12]. Berry curvature for the monolayer graphene model
diverges in touching points between valence and conduction bands (Dirac points of the Brillouin zone, also called
valleys) [13]. The existence of topological currents in graphene superlattices has been proposed in [14]. In graphene,
signatures of Majorana excitation have been experimentally observed in [15]. Majorana zero-energy modes are new type
of quasiparticles, which have been theoretically predicted in high-Tc topological p-wave superconductors (Majorana
zero-energy modes and gapped Fermi arcs in angle-resolved photoemission spectra (ARPES) [16, 17]) [18–21] and
have been experimentally discovered in a ferromagnetic atomic chain (one-dimensional quantum wire) placed on the
surface of a conventional s-superconductor [22]. A Majorana fermion is its own antiparticle χ = χ† [23]. A Dirac
mass fermion ψ can be represented as a particle formed from two Majorana fermions (MFs) χ1, χ2: ψ = (χ1 + iχ2)/2,
ψ∗ = (χ1 − iχ2)/2, and Majorana, accordingly, can be considered as a particle–hole pair from the Dirac fermions.
Here ”∗” denotes the complex conjugation.
The construction of quantum devices based on Dirac materials is a challenge because of the lack of understanding
of deep connection of their unique electrical properties with the Majorana pattern (texture) of Dirac-fermions pairs in
SM, and as a consequence, the deficit of simulation methods.
Let us assume that a Majorana fermion can be self-fissionable with subsequent self-fusion. Provided the presence
of such a mechanism of existence of the Majorana particles, an external electromagnetic field would separate charged
Majorana states in space and time, resulting in charge transport. Such representation of Majorana particle has
been called a braiding representation in [24]. Braiding operators on a set of Majoranas exist and form a unitary
representation of the circular Artin braid group [25]. The materials with braiding Majorana excitations are known
to be promising materials for quantum computing by quantum tunneling [18, 19, 26, 27]. Unfortunately, physical
grounds of the 2D-braiding are unknown, in spite of the fact that braiding Majorana fermions by Ising spin 1D-chains
have been proposed in [28].
Particles and holes in 2D and 3D Dirac semimetals (graphene [6, 29–31], Na3Bi [32, 33], Cd3As2 [34–36], perovskite
SM [4]) are massless. But Majorana equation of motion for ultrarelativistic massless fermions is not an oscillatory one
∗Electronic address: grushevskaja@bsu.by
†Electronic address: krylov@bsu.by
ar
X
iv
:1
71
2.
05
14
4v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
14
 D
ec
 20
17
2[37], and, accordingly, massless Majorana fermions can not represent a secondary quantized field. One can overcome
this obstacle using Majorana-like equations derived in [38] for quasi-particle massless excitations in SM.
Degeneration of the Dirac bands is removed in the Weyl SM [39, 40] with the Dirac point, splitting into two
massless Weyl nodes, and with gapless Fermi arcs in ARPES observations for TaAs family of such materials [41–47].
Hypothetically, one can assume that after pairing of Weyl nodes, nontrivial gapless surface states from the Weyl band
structure are transformed into Majorana surface modes inside the pairing gap as Majorana and Fermi arcs in ARPES
for a magnetic Weyl semimetal in superconducting state [48–50].
Moreover, some topological SMs with/without spin-orbit coupling (SOC) or when spin-orbit interaction being ne-
glected are nodal-line/ring semimetals [51–53]. The 1D nodal-line states, which possess mirror reflection (inversion)
coexisting with time reversal and an additional non-symmorphic symmetries (screw axis), are symmetry-protected so
they are stable against perturbations, including SOC [52, 54–57]. The nodal-line state enhances the surface Rashba
splitting [58]. The 2D drumhead-like surface states inside the closed nodal ring are nested between conduction and
valence bands [59–65]. The flat band surface states, density of which is very high, are similar to those in a high-
temperature superconductor [66, 67]. A nodal-line no-magnetic semimetal PbTaSe2 where the Pb-conducting orbitals
(the particle-like 6p-Pb bands around K, which inevitably cross the hole-like 5d-Ta bands with similar energy, leading
to formation of the nodal rings) form the topological nodal-line states, is a candidate to a topological superconductor
with nontrivial gapless surface states [53, 68]. The nodal lines in PbTaSe2 with strong SOC are protected by a reflec-
tion symmetry of the space group [53]. The massless chiral Majorana modes in PbTaSe2 are placed on a 1D contour
contrary to the Majorana zero-energy modes localized at 0D points.
Right- and left-hand particles always appear in pairs in virtue of the helicity conservation law and can not change
their helicity as they are massless. Hence, there must be a mechanism that allows particles to exist only at one of
the touching bands. Therefore, the graphene-like materials with chiral symmetry or 3D-TI-modes can be described
using a mass term taking zero values at Dirac points, provided the chirality of the remaining ”single valley” particle
is preserved. Similar problem of chiral anomaly in high energy physics has been treated in the following way. For
”single valley” massless Dirac fermions, a similar mass term could correspond to the so-called Wilson mass term which
vanishes at momentum ~k = 0 and frequency ω = 0. But the Wilson mass term explicitly breaks the chiral symmetry
[69]. Known receipt of its restoration [70–72] is to find a lattice Dirac Hamiltonian with a sign alternating mass term
on a space-like surface in such a way that the mass would be zero-valued on all lattice sites rather than in the origin
only. The last leads to emergence of the zero-energy mode. A mass term (eigenvalues of the mass operator) entering
into the equation of motion for the Majorana particle should be alternating one due to positive and negative values of
the mass for Dirac particles and anti-particles respectively. Therefore, the use of Majorana representation is the way
to the chiral theory of SMs. In a Dirac Hamiltonian describing 3D materials with band inversion [73, 74] a mass term
is a sign alternating one as a Majorana mass term and similar to the Wilson term it gains zero value in the Dirac-like
point. The band inversion is typical for 3D TIs, for example for Bi2Se3 [75] where the inversion takes place in Γ-point
of the Brillouin zone.
The discovery of Dirac materials with nodal line surrounding drumhead-like surface states has shown that the
construction of a 2D Hamiltonian by adding a sign alternating mass term is limited to the cases when the entire nodal
line can be placed on a zero mass surface.
SOC in the absence of inversion and time reversal symmetries breaks a nodal line into separate Weyl nodes as it
has been calculated in [49, 76–79]. However SOC and odd-parity pairing can realize MFs in the nodal topological
superconductor phase [80]. Moreover, in the stoichiometric high-Tc superconductor (SC) YBa2Cu4O8 under pressure,
the quasiparticle mass decreases as the critical temperature Tc increases [81]. Vortex cores in topological SCs host
braiding MFs [17].
Thus, though Dirac materials are emerging topological phases with emergent Dirac [30], Weyl [82], and Majorana
fermions [18, 83], Majorana representation should be a background for the description of their properties and charge
transport. This explains the fact that the first-principles band-structure calculations, which are based on the usage of
one-particle quasi-relativistic Dirac equation, demonstrate bands crossing but ”cannot serve as a proof of the Fermi
arcs” as it has been mentioned in [84]. There is a necessity in new theoretical approaches to design nodal-line
structures and topological phases ”linked” with them [85].
Dichroism of s-polarized ARPES-spectra has been observed for TIs Bi2Se3, Bi2Te3 in [86–88] and for NbP in
[47]. Dichroism puts forward the problem to find a Hamiltonian preserving the chiral symmetry of the Dirac cone
bands, rather than a set of Dirac cone apexes (the Dirac points in the Brillouin zone). Hence, the search for the SM
Hamiltonian should be based on new approaches such as the addition of an sign alternating mass term, which gets
zero values on the surface of the Brillouin zone, rather than in distinct Dirac points.
Space of TI states is a space of even dimensionality d, d = 2, in which an infinite number of pairs of oppositely
twisted vortices with nontrivial topological charges emerges in accord with the Nielsen-Ninomiya ”no-go” –theorem
on the existence of vortex lattices in only even dimensionality of the space [89–91]. The proliferation of these vortices
drives the Berezinskii-Kosterlitz-Thouless transition in a standard way [92]. The only way to preserve the chirality of
all the vortex ”single valley” nodes simultaneously with introducing the sign alternating mass term, is to use a singular
(divergent) mass operator. The massless Weyl nodes in Weyl SMs were considered as topological defect structures
(vortices) [93] of the type of U(1) gauge fields named as skyrmions, or a SU(2) (O(4)) gauge fields named as merons
(half skyrmions) in [94], or O(3) non-linear sigma models in [95]. There is a good coincidence of experimental data with
theoretical predictions on topological quantum phase transitions in 1D XY universality class, which includes different
3realizations of vortex-chain configurations in the continuum limit for free fermions [92, 96–99]. Multiple vortices
creation is observed in graphene and topological insulators in an electromagnetic field at lowering the symmetry of
the structure [100, 101].
A resonating-valence-bond (RVB) picture [102–105] and its quantum mechanical 1D-formulation [105] model a Fermi
arc in ARPES spectrum as a break of the double conjugated chemical bond located on the left (right) side of a certain
lattice site with the subsequent formation of the same bond between electrons of this site and electrons of the right(left)
site to the considered one. The RVB picture has been formulated statistically in terms of skyrmions or merons [106–
108]. In these field theories, defect staggered spin flows [109] originated from RVB breaks are cores of vortices. But,
skyrmions do not carry an electric charge, therefore, to overcome the obstacle, complex constructions with additional
quasiparticles (holons) have been developed [110] to describe the high Tc conductivity. Moreover, the coupling of
massless fermions to gauge fields in the O(4) (SU(2)) non-linear sigma models is confining. Assuming violation of
SU(2) to U(1) as a deconfinement one gets the so called triple quantum electrodynamics (QED3 model) [111, 112]. To
make a deconfined state stable, the number of matter fields should be large enough [113]. The zero-energy Majorana
bound state (MBS) is associated with the non-abelian excitation. The vortex leads to the MBS, for example, in a
superconductor px + ipy [114–117].
Thus, to describe nodal-line Weyl semimetals a new theory is required, which would predict a phenomenon similar
to deconfinement, and would be characterized by a sufficiently large number N of gauge fields.
Another difficulty is that the Fermi arcs are not closed, because of that, the Fermi pockets are not formed. From
the Luttinger theorem it follows that the area of the Fermi surface is the same as that of free fermions, i.e. it is
determined by the total density of electrons in the unit cell [118]. Violation of the Luttinger theorem in Landau–Fermi
liquid theory leads to a non-conservation of the total electric charge. Therefore, if the Fermi pockets are not formed,
then the violation of the Luttinger theorem becomes unavoidable obstacle in utilizing Dirac particle physics [119, 120]
to describe strongly correlated systems. The Majorana representation allows any fermionic system, either fermion
number conserving or not, to be treated on equal footing [121–123]. The nodal lines restore the Fermi pockets and
surround drumhead-like states [56, 77]; the last gives hope for the construction of a field theory of Dirac materials
provided one understood the origin and mechanisms of the decay of these lines.
Complex magnetic dynamics is developed in double perovskite compounds Ba2YMoO6, Ba2MeOsO6(Me = Li, Na)
despite of perfect cancelation of spin and angular momentum contributions at cubic symmetry [124–128]. This testifies
that SOC can effectively augment the Hubbard correlations effects in Mott-Hubbard physics [129, 130].
So, quantum statistics of many-body systems with a particle-hole symmetry should be a non-abelian one, the absence
of which is the main obstacle in investigation of Majorana-like states.
In the paper we develop a quantum non-abelian statistical approach to (pseudo)Majorana fermionic systems with
calculus of quasi-relativistic currents and analyze emergent Majorana-like features of quantum charge transport in the
Dirac materials.
We demonstrate that natural background to describe all types of Dirac materials is in accounting of relativistic
exchange interactions, which destroy pseudo antiferromagnetic order in the Majorana basis. In Section 2 we construct
a transformation which produces one-to-one map of quasiparticle states (hole (particle)) with the negative (positive)
energy in one of two trigonal sublattices to states (particle (hole)) of the positive (negative) energy in other trigonal
sublattice of the hexagonal lattice. Utilizing this transformation we find the equations of motion for a (pseudo)real
braiding Majorana quasiparticle (electrically charged exciton) on a 2D hexagonal lattice. In Section 3 we develop a
relativistic theory of the secondary-quantized field with a number of flavors N = 3 on a hexagonal lattice within the
quasi-relativistic Dirac–Hartree–Fock self-consistent field approximation [131–141]. In the section we also demonstrate
that the relativistic exchange leads to dynamically gapped Fermi arcs in topological semimetals. We use the ~k · ~p
perturbation theory and maximally-localized Wannier functions, which provide accurate characterization of points
of interest in the Brillouin zone (BZ) in terms of a relatively small number of parameters with the first-principles
accuracy and linear-scaling computational costs. Opposite to known non-relativistic ~k · ~p approaches [64, 142–148],
we propose a quasi-relativistic chiral band structure theory. Calculating Majorana bands in Section 3, we neglect
the Majorana dynamical mass. However, the presence of heavy and light carriers is considered as a mass correction
to complex conductivity in Section 4. In Section 5 splitting zero-conductance peaks, longitudinal magnetoresistance,
minimal direct current (dc) conductivity, negative differential conductivity, appearance of Majorana resonance and
anti-resonance pairs in frequency dependence of dielectric permeability and other phenomena of Majorana braiding
in charge transport in topological SMs are predicted within a non-abelian quantum statistical approach developed in
Section 4.
4II. PSEUDO MAJORANA FERMION MODEL
Equation of motion for a Majorana bispinor (ψ†AB , (ψ
∗
BA)
†) in a monoatomic hexagonal layer (monolayer), comprised
of two trigonal sublattices A, B reads [38, 139]:[
~σBA2D · ~pAB − c−1 ˜ΣABΣBA
]
|ψAB〉 = i ∂
∂t
|ψ∗BA〉 , (II.1)[
~σAB2D · ~p ∗BA − c−1
(
˜ΣBAΣAB
)∗]
|ψ∗BA〉 = −i
∂
∂t
|ψAB〉 . (II.2)
Here, the sublattice wave functions |ψAB〉 and |ψ∗BA〉 relate to each other as follows:
|ψ∗BA〉 ∝ (Σxrel)BA |ψAB〉 , (II.3)
|ψAB〉 ∝ (Σxrel)AB |ψ∗BA〉 ; (II.4)
(Σxrel)AB ≡ ΣAB , (Σxrel)BA ≡ ΣBA are the relativistic exchange interaction operators for the trigonal sublattices A, B
of the hexagonal lattice; the dynamic mass operator terms ˜ΣBA(AB)ΣAB(BA) are defined as
˜ΣBA(AB)ΣAB(BA) = (iΣxrel)BA(AB) (iΣ
x
rel)AB(BA) ; (II.5)
a transformed 2D vector ~σAB2D of the Pauli matrices and a transformed 2D momentum ~pBA(AB) are introduced as
~σ
BA(AB)
2D = (Σ
x
rel)BA(AB) ~σ (Σ
x
rel)
−1
BA(AB) , (II.6)
~pBA(AB) = (Σ
x
rel)BA(AB) ~p (Σ
x
rel)
−1
BA(AB) ; (II.7)
~σ is the 2D vector of the Pauli matrices: ~σ = {σ1, σ2}; ~p is the 2D momentum operator, c is the speed of light.
One can see, that when neglecting the operator (II.5), Eqs. (II.1), (II.2) are equations of motion for a Majorana-like
massless particle.
The system of Eqs. (II.1), (II.2) can be approximated by a Dirac-like equation in the following way. Let us rewrite,
for example, (II.1) for the steady state[
~σBA2D · ~pAB − c−1 ˜ΣABΣBA
]
|ψAB〉 = Equ |ψ∗BA〉 . (II.8)
According to (II.6) and (II.7), the bispinor component |ψAB〉 can be obtained as |ψAB〉 = ΣAB
∣∣∣ψ˜A〉. Due to (II.3)∣∣∣ψ˜A〉 also defines the component of the Majorana spinor |ψ∗BA〉 as |ψ∗BA〉 ∝ (Σxrel)BA ∣∣∣ψ˜A〉. Hence
Σ2BA(AB) ∝ ΣBA(AB). (II.9)
Owing to the condition (II.9) and taking into account that in accord with (II.4) the operator ΣAB can be considered
as a Fermi velocity operator vˆF in (II.8), the following expansion holds up to normalization constant 〈0| vˆF |0〉:
|ψAB〉 ∝ ΣAB ΣBA〈0| vˆF |0〉 |ψAB〉 =
1
〈0| vˆF |0〉 {ΣBA |ψAB〉+ [ΣAB ,ΣBA] |ψAB〉} ≈
{
1 +
(∆Σ + [ΣAB ,ΣBA])
〈0| vˆF |0〉
}
|ψAB〉
(II.10)
where [·, ·] denotes the commutator, ∆Σ = ΣBA − ΣAB . Substituting (II.4, II.10) into the right-hand side of the
equation (II.8), one gets the basic Dirac-like equation in the following form:[
~σBA2D · ~pAB − c−1 ˜ΣABΣBA
]
|ψAB〉 = E˜ {1 + (∆Σ + [ΣAB ,ΣBA]) / 〈0| vˆF |0〉} |ψAB〉 (II.11)
where E˜ = E/ 〈0| vˆF |0〉.
III. GAUGE FIELD THEORY OF 2D DIRAC MATERIALS
The quasi-relativistic Dirac–Hartree–Fock exchange interaction (Σxrel)AB(BA) in a tight-binding approximation for
the system of equations (II.1), (II.2) reads (see equations (S.11, S.12) of the Supplementary Information) [138–140]:
(Σxrel)AB =
1√
2(2pi)3
e−ı(θkA−θKB )
3∑
i=1
exp{ı[ ~KiA − ~qi] · ~δi}
∫
V (~r)d~r
×
 √2ψpz (~r)ψ∗pz,−~δi(~r) ψpz (~r)[ψ∗pz (~r) + ψ∗pz,−~δi(~r)]
ψ∗
pz,−~δi
(~r)[ψpz,~δi
(~r) + ψpz (~r)]
[ψpz,~δi
(~r)+ψpz (~r)][ψ
∗
pz (~r)+ψ
∗
pz,−~δi
(~r)]
√
2
 , (III.1)
5(Σxrel)BA =
1√
2(2pi)3
e−ı(θKA−θKB )
3∑
i=1
exp{ı[ ~KiA − ~qi] · ~δi}
∫
V (~r)d~r
×
 [ψpz,~δi (~r)+ψpz (~r)][ψ∗pz (~r)+ψ∗pz,−~δi (~r)]√2 −ψ∗pz,−~δi(~r)[ψpz,~δi(~r) + ψpz (~r)]
−ψpz (~r)[ψ∗pz (~r) + ψ∗pz,−~δi(~r)]
√
2ψpz (~r)ψ
∗
pz,−~δi
(~r)
 . (III.2)
Here the origin of the reference frame is located at a given site on the lattice A(B), V (~r) is the Coulomb poten-
tial, ψpz (~r) is the wave function of pz-electron, and designation ψpz, ±~δi(~r) for atomic orbital of pz-electron with
radius-vector ~r ± ~δi in the neighbors lattice sites ~δi, nearest to the reference site is introduced in the following way:
ψpz, ±~δi(~r2D) = ψpz (~r± ~δi); ~r± ~δi is the pz-electron radius-vector, ~KA ( ~KB) is the Dirac point (valley) ~K( ~K
′) in the
Brillouin zone.
The wave functions are defined up to a phase multiplier. Let us denote the phases of the wave functions ψpz (~r) and
ψpz,±~δk(~r), k = 1, 2, 3 as α0 and α±,k, k = 1, 2, 3 respectively. A set of these phases is a four-dimensional (4D)
phase αµ±, µ = 0, . . . , 3, whose components play a role of the space-time components of a lattice gauge field. The
4D-phases αµ±, µ = 0, . . . , 3 enter to the matrix elements Σij,AB(BA), i, j = 1, 2 in (III.1) and (III.2) in the following
way: Σij,AB(BA) include bilinear on ψ, ψ
∗ combinations of wave functions so that 4D-phase αµ± enter into (III.1–III.2)
in the form
|ψ||ψ±~δk | exp {ı (α0 − α±,k)} = |ψ||ψ±~δk | exp {ı∆α±,k} . (III.3)
Therefore, an effective number N of flavors in our gauge field theory is equal to 3.
A model of the Dirac material with two or three flavors as a model with two or three dimer electron configurations
is represented schematically in fig. 1a,b. Electrons of the first model in fig. 1a are paired pi(pz)-electrons. Among
pz-electrons of the second model in fig. 1b there exist two unpaired electrons. The first model with pi(pz)-electrons
has been proposed in [149] for graphite. Part of electrons in the second model are unpaired ones, and respectively
dimers are formed as in the Anderson RVB picture. The weak exchange for the second model leads to a gapless band
structure as it has been demonstrated in [150, 151], and respectively to metallicity. The strong quantum exchange for
the first model leads to the appearance of the gap which has been experimentally observed for graphene bilayers [152].
In the model N = 2 the valley currents are absent due to the fact that all pz-electrons are pared. Contrary to this,
valley currents exist for N = 3 [153]. In contrast to the RVB picture, the stochastic staggered spin flows or identical
to them d-density wave states [154] are absent for our model. Their place, as we show further, is occupied by the
quantum staggered valley currents of the electric charge carriers with a precessing spin similar to a spin vortex. The
spin precession is due to SOC-coupling. Experimentally, such a staggered orbital order (a staggered quadruple ordered
phase with distinct orbital polarization on two-sublattices) without lattice distortions has been found in [155].
To account translational symmetry, we introduce the phase multiplier exp {ı∆α±,i} to the wave function at site
±δi, i = 1, 2, 3 in the following form:
exp
(
±ıc±(q)(~q · ~δi)
)
. (III.4)
To eliminate arbitrariness in the choice of phase factors c± in (III.4), one needs gauge condition for the phase fields.
A. First-order approximation
Let us consider the case of small wave numbers q, q → 0. Then, in the first-order approximation, a gauge condition
can be chosen as follows. The phases α0 and α±,k, k = 1, 2, 3 of the wave functions ψpz (~r2D) and ψpz,±~δk(~r2D),
k = 1, 2, 3 respectively are the same for pz-electrons in the expressions (III.1, III.2) due to (III.4). By virtue of the
arbitrariness in the choice of phases at q → 0, the phases in the first-order approximation were chosen the same for
all lattice sites.
At power series expansion on a small parameter 1〈0|vˆF |0〉 in the right hand side of (II.11), one can neglect the second
term for small wave numbers q. Then accounting the fact that the mass term ˜ΣAB(BA)ΣBA(AB) vanishes in the Dirac
point one gets:
~σBA2D · ~pAB |ψAB〉 =
E(0)
〈0| vˆF |0〉 |ψAB〉 . (III.5)
In this case the exchange interaction terms (III.1, III.2) are given by the matrixes with real integrands. It turns out
that with such a phases choice for ψpz (~r2D) and ψpz,±~δk(~r2D), we obtain an imaginary part for the energy E
(0) in
(III.5) without the mass term [139, 141]. The deviations of the first-order approximation from the massless Dirac
fermion model [29] are of the order of |q|4 [136].
6(a) (b)
(c)
(d)
FIG. 1: Models N = 2 (a), N = 3 (b). pz-electrons belonging to triangular sublattices A and B are designated through solid
and unfilled circles respectively. An electrically charged exciton is designated by dashed line contour in figure (b). (c) Action of
exchange operators on the particle (hole) Hamiltonians HAB(BA) in (III.5) [138]: (left) Contour plots of sum of original Dirac
bands, (middle) of single action of (Σxrel)BA; (right) of action of exchange operators product (Σ
x
rel)AB (Σ
x
rel)BA restoring the
system. Inset in figure (c, left) demonstrates that the steady state point in the Dirac point K(K′) is of center type. Inset in
figure (c, middle) shows an occurrence of a saddle point. (d) Schematic diagram for braiding Majorana fermions through twisted
valley currents, dimer formation and the exchange ΣAB(BA). Hole and electron currents are shown in blue and red respectively.
Under the action of ΣBA(AB) calculated in the first-order approximation, the Dirac point as a center of circumference
trajectories is transformed into a hyperbolic point of a saddle type and subsequent action of ΣAB(BA) restores neutral-
stability state of the center type in fig. 1c. Therefore, the exchange operator ΣAB(BA) plays the role of a braiding
operator. Braiding scheme through the formation of a dimer is shown in fig. 1d.
B. Second-order approximation
In the second-order approximation the relative phases ∆α±,j in j-th primitive cell are different for different cells.
Substituting the relative phases (III.4) of particles and holes into (III.1) one gets the exchange interaction operator
7ΣAB in the second order approximation:
ΣAB =
1√
2(2pi)3
e−ı(θkA−θKB )
(
ΣAB11 Σ
AB
12
ΣAB21 Σ
AB
22
)
, (III.6)
ΣAB11 = I11
√
2
∑
j
e−ıc−(~q)(~q·~δj) exp{ı[ ~KjA − ~q] · ~δj}
 , (III.7)
ΣAB12 =
∑
j
(
I12 + I11e
−ıc−(~q)(~q·~δj)
)
exp{ı[ ~KjA − ~q] · ~δj}
 , (III.8)
ΣAB21 =
∑
j
(
I21e
ı(c+(~q)−c−(~q))(~q·~δj) + I11e−ıc−(~q)(~q·
~δj)
)
exp{ı[ ~KjA − ~q] · ~δj}
 , (III.9)
ΣAB22 =
1√
2
∑
j
(
I22e
ıc+(~q)(~q·~δj) + I12 + I21eı(c+(~q)−c−(~q))(~q·
~δj) + I11e
−ıc−(~q))(~q·~δj)
)
exp{ı[ ~KjA − ~q] · ~δj}
 , (III.10)
I11 =
∫
V (~r)ψ
(0)
pz ψ
∗(0)
pz−~δj
d~r, I12 =
∫
V (~r)ψ
(0)
pz ψ
∗(0)
pz
d~r, (III.11)
I21 =
∫
V (~r)ψpz+~δj
ψ∗pz−~δj d~r, I22 =
∫
V (~r)ψpz+~δj
ψ∗pz d~r ; (III.12)
and similar formulas for ΣBA. Now, neglecting the mass term, we can find the solution of the equation (II.11) by the
successive approximation technique as:
~σBA2D (α±,i) · ~pAB |ψAB(α±,i)〉+
E(0) (∆Σ + [ΣAB ,ΣBA])
〈0|vˆF |0〉2
|ψAB(α±,i)〉 = E
(1)
vˆF
|ψAB(α±,i)〉 .
(III.13)
Here ∆Σ, ΣAB ,ΣBA are determined by the expressions (III.6–III.12).
Eigenvalues E
(1)
i , i = 1, 2 of (III.13) are functions of c±. The gauge condition is imposed as a requirement on the
absence of imaginary parts in eigenvalues E
(1)
i , i = 1, 2 of (III.13). This condition can be written as a system of two
equations of the form
=m(E(1)i ) = 0, i = 1, 2. (III.14)
Direct solution of this system turns out to be unstable for some specific points in the momentum space. Instead, for
every point in the momentum space we use a minimization procedure with the price function f(c+, c−) =
∣∣∣=m E(1)1 ∣∣∣+∣∣∣=m E(1)2 ∣∣∣. Its absolute minimum evidently coincides with the solution of the system (III.14).
The phase factors c± (III.4) entering (III.13) periodically change their values on the polar angle φ with the period
pi in fig. 2, and hence our model describes 2D Z2-topological insulators [156–159]. The gauge fields c± hold hexagonal
symmetry near the Dirac point K(K ′) and are rotated on 60◦ with respect to each other in figs. 2a, d. At high momenta
the gauge field c+ changes symmetry to octagonal one in ~q-space as figs. 2c, b demonstrate. The behaviour of the
phases {c+, c−} in figs. 2a, d is the same and hence they describe the same gauge field. The gauge field fluctuates
strongly and is characterized by the hexagonal symmetry near the Dirac point K(K ′) due to phase entanglement
{c+, c−}. A core of vortex is observed in figs. 2a, d so that c+, c− fluctuate least of all at the boundary of six identical
sectors of the circle. With the increase of the excitation energy E(q), the value of the gauge field begins to increase
only in one of three pairs of sectors of the circle in figs. 2a, d.
With the increasing E(q), the amplitude of the fluctuations decreases and 2D Z2-topological phase is originated. The
phases {c+, c−} become two different gauge fields as it is shown in figs. 2c, f; and, hence, the gauge field is deconfined.
The phase c+ changes sharply its sign four times due to the eight-fold Dirac cone for the deconfined quasiparticle state
at large excitation energy E(q) (high momentum q) in fig. 2g. The phases c+, c− start to fluctuate strongly with the
decrease of the value E(q) as, for example, c−(φ) dependency demonstrates in fig. 2h.
C. Dichroism of the Dirac bands, deconfinement, nodal lines and drumhead surface states
A helicoidal spin-valley-orbit texture of the Majorana bands (III.13) shown in fig. 3 is originated in the σ−pz coupling
between the orbital momentum pz of pi-electron and the pi-electron spin σ oriented along two directions: tangent ~nφ
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FIG. 2: Scenario of Z2 topological gapless-phase emerging through deconfinement. (a, d) Zero-value gauge field {c+, c−} in the
Dirac point K(K′) and its -neighbourhood,  ∼ 2 · 10−8 and emergent hexagonal symmetry of the field in the energy range
∼ 10−7. (b, e) Origin of 2D Z2-topological semimetal at energies ∼ 5 · 10−7 − 10−5. (c, f) Deconfinement of the gauge field
{c+, c−} by SOC at the energies ∼ 10−2. Angle dependencies of phases c+ and c− entering in the exchange matrix at different
excitation energies E(q): 0.02 (g) and 5 · 10−5 (h) respectively.
and radial ~nr. One can see that the Dirac point hosts such a ”defect”, as a core of vortex in the in fig. 3b-d. This
topological defect is a Majorana zero-energy mode. Multiple vortices structure of these bands is visualized in the form
of concentric circles of varying degrees of helicoidality and different widths. The spin-valley-orbit texture varies in
both space and time. Dichroism of ARPES spectra is a manifestation of the pi-electron-orbit pseudo-precession in inset
to fig. 3d. Since the pseudo-Majorana modes are simultaneously their antimodes, Majorana sinks (vortex cores) are
simultaneously Majorana sources (antivortex anticores). Sinks and sources locating at the same place braid particles
and holes into Majorana fermions.
Deconfinement which splits the four-fold particle (hole) Dirac cone, should lead to the divergence of the locations of
sinks and sources. Meanwhile, a nodal ring NLD, an image of which is schematically presented in fig. 3e, separates the
region of eightfold splitting of the Dirac cone in fig. 3a. The left- and right-hand pi(pz) electrons possess relativistic
total angular momentum J = 3/2 due to SOC after the deconfinement. The emergent tilted Dirac cones which have
been introduced earlier as tilted Dirac cone replicas in [133] break the vortices in fig. 3c, d. Vortex current lines pass
from one vortex cores to others. The connections of different vortices form an infinite number of Fermi arcs which link
divergent Majorana sinks and anti-sinks. Hence, together with the nodal ring NLD, four more pairs of Weil nodal
lines are formed.
Divergence of sinks and sources transforms the brainding Majorana excitations into another type of massless fermions
in such a way that their vacuum core and anticore states become uncorrelated. Thus, before the deconfinement, the
secondary quantized wave function always describes a fermionic state, entangled with a particle–hole pair, whereas
after the deconfinement the non-correlated vacuum spin up and down states lead to SU(2)⊗SU(2) ∼= O(4) symmetry
9(a) (b) (c)
(d) (e)
FIG. 3: Band structure with the Majorana zero-energy modes in the Dirac cone apexes for the semimetal model N = 3 (a),
their spin-orbit texture of the scale: q/|KA| ∼ 5×10−7 (b), 0.01 (c), 0.002 (d) in contour plots (b–d); and a model vortex of the
precessing orbitals in inset to figure (d). The angle α, 0 ≤ α ≤ pi/2 is the precession angle of pz-orbital. (e) Sketch of ARPES
mappings on a Majorana band structure for an orthorombic Td-MoTe2 (blue and violet lines) and PbTaSe2 (red lines). Insets
are (left) photoemission spectral intensity map of Td-MoTe2 at binding energy EB = 0.0, 0.025 eV [162] and (right) ARPES
spectra of PbTaSe2 taken along M −K − Γ with 64-eV photons [53].
for the system [160].
For certain crystal groups describing nodal-line semimetals quasiparticles are eight-fold degenerate fermions with
SU(2) holonomy of wave functions (Wilson loop [212, 213])[54, 55]. Thus, the Majorana particles decay into a
continuous set of Weyl nodes and a number of quasiparticle excitations in such a decay channel does not change. Since
the number of particles remains unchanged, the Luttinger theorem still holds. Indeed, the hole (particle) pockets are
observed in ARPES-spectra for nodal-line TIs [56, 161]. In the q4 model (III.5) with dumping γ, nodal lines decay
into a discrete set of Wey nodes [38].
Now, we can predict features of band structures, which should be observed in ARPES of topological SMs. Removing
the degeneracy of zero-energy Majorana mode leading also to divergence (unbraiding) of Majorana sinks and sources,
yields as well to two additional nodal rings NL1 and NL2 as it is shown in fig. 3e. NLD, NLi, i = 1, 2 form a
contour of drumhead-like states dispersing inwards with respect to K. The three nodal rings and the drumhead-like
surface states in ARPES spectrum shown in fig. 3e are features of ARPES spectra in the right inset to this figure for
superconductor PbTaSe2 [53]. At the place of touching of NL1 and NL2 Majorana sink and source form a Dirac-like
band, orthogonal to the origin Dirac band as it is shown in fig. 3e. Such a band structure shown in left inset to fig. 3e
is a feature of type-II topological Weyl SMs as WTe2, MoTe2 [26, 56, 161, 162].
So, the spin valley-currents coupling, which is small on the energy, turns out to be topologically protected by
emergent vortices.
D. Majorana dynamical mass operator and chiral anomaly
Eigenvalues of the mass operator ˜ΣABΣBA (II.5) are represented in fig. 4. These values are the dynamic masses of
particle and hole components of the Majorana state. Since the eigenvalues are equal to zero in the Dirac points K, K ′
Majorana zero energy modes exist in our model.
Let us prove that the chirality of zero-energy modes is preserved in the Dirac points. Within the approximation
of zero gauge-phases (the first-order approximation) c±(~k), and respectively zero-valued gauge fields, the eigenvalues
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of the mass operator differ by two orders of magnitude from each other outside of the Dirac point, as one can see
from the comparison of particle and hole masses in fig. 4a,b. Since the mass operator is not diagonal in the energy
representation of the massless Hamiltonian H0, the masses of Majorana fermions are obtained by mixing particle and
hole states. The density of 2D-states (DOS) holds the van Hove singularity [163], because DOS is divergent in the
Dirac point. Since a hyperbolic point (saddle) is a feature of the dependence of mass on momentum in fig. 4a, b
this singularity remains after including the mass term. Therefore, particle and hole densities are concentrated at the
energy E = 0, that leads to particle–hole annihilation. Since the mass term is alternating in one point, the chirality is
preserved for the Majorana zero-energy modes only. In the first-order approximation there is no such a neighborhood
of the Dirac point, where the mass term takes zero values and hence the Dirac bands are not chiral everewhere except
of the Dirac points. Thus, dichroism of the bands can not be described in the zero-gauge-field approximation. In what
follows we show that dichroism can be observed in the second-order approximation.
The comparison of particle and hole masses in fig. 4a, c demonstrates that in the second-order approximation of
non-zero gauge fields c±(~q), qualitatively the same momentum dependence remains for one of the mass operator
eigenvalues. The dependence of the mass-term second eigenvalue upon the momentum in fig. 4d exhibits a singular
alternating behaviour and gets a zero values in the vicinity of the Dirac point. It means that chirality is preserved not
only in the Dirac point but in the Dirac band as well. Meanwhile, the dichroism is observed outside the Dirac point
but only one of two right- or left-hand Majorana modes remains chiral. The appearance of the mass term peak in
fig. 4d leads to divergence of DOS at some another value of the energy E, that makes the particle and hole densities
spatially separated from to each other. As a result, there exist non-zero energy Majorana modes in the model N = 3
without particle–hole annihilation.
(a) (b) (c) (d)
FIG. 4: Eigenvalues of the mass operator in approximations of zero (a, b) and non-zero (c, d) gauge fields. (a, c) - for particles
(holes), (b, d) - for holes (particles).
Values of spectral weight (spectral function) A(q, ω) are much higher for a heavy particle than for the light one.
Accordingly, the dielectric permeability of the system of heavy particles is very small compared with those of the
system of light ones [164]. Hence, low-intensive Fermi arcs of the heavy particle (hole) components of Majorana states
augment much more intensive Fermi arcs of the light ones up to Fermi particle(hole) pockets. Therefore, the Luttinger
theorem is not violated in our approach. Moreover, the examples of the narrow-gap chalcogenide PbMe, Me = Te,
Se, S being graphene three-dimensional analogue [165, 166] and of doped Mott insulator La2−xSrxTiO3 [167] appear
to take the heavy mass route.
So, the construction and simulation of the mass operator in the topological SM theory point to the main difference
of the chiral lattice theory of particle–hole pairs from the theory of Majorana fermions. A Majorana mass term LM for
left-hand ψL and right-hand ψR Majorana wave functions reads LM ∝ (ψL)T γ0ψL + (ψ∗L)T γ0ψ∗L owing to ψR = ψ∗L
and, hence, chirality of the Majorana theory is broken everywhere except of zero-energy states [21]. Contrary to that
in our Majorana-like theory, the second eigenvalue of the mass term equals to zero in the vicinity of the Dirac point and
therefore the chirality breaks for only one constituent of a particle-hole pair. The violation of the law of conservation
of topological charge in the form of weak imbalance in the number of topological charges of the opposite signs is a
feature of our theory. It is called a chiral anomaly.
IV. CHARGE CARRIER TRANSPORT IN THE MODEL N = 3
An equation with accounting of electron-photon interactions in the semimetal can be obtained from (II.11) by
ordinary use of the canonical momentum:[
c~σBA2D ·
(
~pAB − e
c
~A
)
− ˜ΣABΣBA
(
~pAB − e ~A/c
)]̂˜
χ†+σ
B
(~r) |0,−σ〉 = cEqu(p)̂˜χ†+σ
B
(~r) |0,−σ〉 , (IV.1)
˜ΣABΣBA
(
~pAB − e ~A/c
)
= ˜ΣABΣBA(0) +
∑
i
d ˜ΣABΣBA
dp′i
∣∣∣∣∣
p′i=0
(
pABi −
e
c
Ai
)
+
1
2
∑
i,j
d2 ˜ΣABΣBA
dp′idp
′
j
∣∣∣∣∣
p′i, p
′
j=0
(
pABi −
e
c
Ai
) (
pABj −
e
c
Aj
)
+ . . . . (IV.2)
11
In what follows, we omit the cumbersome designation ”AB” if this does not lead to the lack of sense.
Now, taking into account the equations (IV.1) and (IV.2)), one can find the quasi-relativistic current [168] of charge
carriers in SM as:
jSMi = c
−1ji,
ji = eχ
†
+σ
B
(x+)vix+x−χ+σB (x
−)− e
2Ai
c ˜ΣABΣBA(~pAB − e ~A/c)
χ†+σ
B
(x+)χ+σ
B
(x−)
+
e~
2 ˜ΣABΣBA(~pAB − e ~A/c)
[
~∇× χ†+σ
B
(x+)~σχ+σ
B
(x−)
]
i
. (IV.3)
Here
x± = x± , x = {~r, t0}, t0 = 0, → 0; (IV.4)
~v is the velocity operator determined by a derivative of the Hamiltonian (IV.1). It worth to remark that in accord
with (IV.4) the current is obtained from the quantity dependent upon two points x±, with subsequent performing the
limit → 0. 2D-rotor in the series expansion (IV.3) can be presented in the form
∇× χ†+σ
B
~σχ+σ
B
∼
2∑
i=1
[
∇× χ†+σ
B
~σχ+σ
B
]
i
~ei =
[
∂
∂y
~e1 − ∂
∂x
~e2
]
χ†+σ
B
σzχ+σ
B
(IV.5)
where ~ei, i = 1, 2 are unit vectors along the coordinate axis directions. The substitution of (IV.5) into (IV.3) gives
ji = j
Ohm
i + j
Zitterbew
i + j
spin−orbit
i ,
jOhmi = eχ
†
+σ
B
(x+)vix+x−χ+σB (x
−),
jZitterbewi = −
e2Ai
c ˜ΣABΣBA(~pAB − e ~A/c)
χ†+σ
B
χ+σ
B
,
jspin−orbit2(1) = (−1)1(2)
ıe
2
v
1(2)
x+x−χ
†
+σ
B
σzχ+σ
B
.
(IV.6)
Terms jOhmi , j
Zitterbew
i , j
spin−orbit
i in (IV.6) describe ohmic contribution which satisfies the Ohm law and contributions
of the polarization and magneto-electric effects respectively.
Now, calculating the currents (IV.6) one can find the Ohmic conductivity (equation S.69 in Supplementary Informa-
tion), the polarization and magneto-electric contributions to it (equations S.73 and S.76 in Supplementary Information)
through the scalar product (· , ·) of the vectors M~vi(p) and N~vi(p), i = x, y as
σOhmii (ω
−+, k) =
ıe2β¯
(2pic)2
Tr
∫ (
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)(
M~vi(p) , N~vi(p)
)
d(β¯~p), (IV.7)
σZitterbewll (ω
−+, k) =
ıe2β¯
(2pic)2
Tr
∫ ˜ΣABΣBA(~pAB − e ~A/c)
2
2∑
i=1
d2 ˜ΣABΣBA
dp2i
(
M~vi(p) , N~vi(p)
)
d(β¯~p), (IV.8)
σspin−orbit12(21) (ω
−+, k) = (−1)1(2) ı
2
ıe2β¯
(2pic)2
Tr
∫
˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dp1(2)dp2(1)
(0)
×
(
M~v 1(2)(p) , N~v 1(2)(p)
)
σzd(β¯~p). (IV.9)
where matrices M, N are given by the following expressions:
M =
f [β((H(p+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~) , N =
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))β¯ . (IV.10)
Here f is a Fermi – Dirac distribution, β is an inverse temperature. In the diagonal Hamiltonian representation, the
trace in (IV.7 – IV.9) can be easily carried out, for example, as
(Tr M~v xAB , N~v
y
AB) = Tr (M~v
x
AB , N~v
y
AB) = (~ex, ~ey)
2∑
i,k,l,m=1
v†
x,AB
ik M
†
klNlmv
y,AB
mi
= (~ex, ~ey)
2∑
i, k=1
v†
x,AB
ik M
†
kkNkkv
y,AB
ki (IV.11)
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because matrices Mkl, Nkl depending on the diagonal matrix HAB are diagonal ones.
Since there exists the change −H(p)→ H†(−p), for every band a (a = 1, 2), it is possible to introduce Hamiltonians
of a quasi-particle Ha0 , H
a
0
† with eigenvalues Eea, E
h
a and respectively to quantize M and N (IV.10) as
M† =
{
M†ab
}
, M†ab =
f [β¯(Ha0 (p
+)− µ)]− f [β¯(Hb0†(−p−)− µ)]
β¯~z−+ − β¯Ha0 (p+) + β¯ Hb0†(−p−)
; (IV.12)
N† =
{
N†ab
}
, N†ab =
δ (~ω−+ + µ−+)
(~ω +Hb0(p+)−Ha0 †(−p−))β¯
. (IV.13)
As a result, the expression (IV.11) can be rewritten in the form
(Tr MvxAB , Nv
y
AB) = (~ex, ~ey)
2∑
a=1
(
vx,ABaa M
†
aaNaav
y,AB
aa + v
x,AB
ab M
†
baNabv
y,AB
ba
)
, a 6= b. (IV.14)
After substitution of (IV.12 – IV.14) into (IV.7), we express, for example, the Ohmic contribution to conductivity as
σOhmij (ω
−+, k) =
ıe2β¯
(2pic)2
∫
(~ei, ~ej)
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
j
(0)
)
×
2∑
a=1
{
v†
i
aa(p, k)
f [β¯(Ha0 (p
+)− µ)]− f [β¯(Ha0 †(−p−)− µ)]
β¯~z−+ − β¯Ha0 (p+) + β¯ Ha0 †(−p−)
vjaa(p, k)
× 1
(~ω−+ +Ha0 (p+)−Ha0 †(−p−))β¯
+
f [β¯(Ha0 (p
−)− µ)]− f [β¯(Hb0†(−p+)− µ)]
β¯~z−+ − β¯Ha0 (p+) + β¯ Hb0†(−p−)
× v
†i
ab(p, k)v
j
ba(p, k)
(~ω−+ +Hb0(p+)−Ha0 †(−p−))β¯
}
d(β¯~p)δ
(
~ω−+ + µ−+
)
, a 6= b; a, b = 1, 2. (IV.15)
A. Approximation of the degenerate Dirac cone
In the case of degeneration Ee1, 2(p) ≈ ∓cvF~p, Eh1, 2(p) ≈ ±cvF~p. Since Eea(p) = Eha (−p), using calculus in
section II of Supplementary Information and neglecting the dynamic mass correction, we get the intraband-transition
contribution σOhmaa, ij to conductivity due to the transitions in the same band:
σOhmaa, ij(ω, k) =
ıe2
c2(2pi)2
β¯
∫
viaa(p, k)
f [β¯(Ha0 (p
−)− µ)]− f [β¯(Ha0 †(−p+)− µ)]
β¯~z − β¯Ha0 (p−) + β¯ Ha0 †(−p+)
vjaa(p, k)
× 1
(~ω −Ha0 †(−p+) +Ha0 (p−))β¯
d(β¯~p) = − ıe
2
c2(2pi)2
×
∫
ω(k)viaa(p, k)v
j
aa(p, k)∂f [β¯(Ea(p)− µ)]/∂Ea(p)
(~z~ω − ω(k)~ω + ~zω(k)− ω2(k)) d~p, i, j ∈ {x, y}. (IV.16)
Here Ea(p) = E
e
a(p) = E
h
a (−p). Let us make the change ω(k) → cω˜(k), and account for the existence of δ(~(z− −
z+)− ~z). Then calculating (IV.16) one gets:
σOhmaa, ij(ω, k) = −
ıe2
(2pi)2
×
∫
ω˜(k)v˜iaa(p, k)v˜
j
aa(p, k)∂f [(a(p)− µ)/T ]/∂a(p)
(~z12ω − cω˜(k)~ω + c~zω˜(k)− c2ω˜2(k)) d~p, i, j ∈ {x, y}. (IV.17)
where a = Ea/c, v˜
i
aa = v
i
aa/c, z12 = z− − z+ is a photonic frequency.
Let us estimate the contribution to the conductivity of the interband transitions. Multiplication on the fermionic
frequency ~ω˜ c2 and division on the photonic frequency of interband transition ~ω˜12 = a(p+) − b(p−), ω˜12 = ω12/c
are possible due to δ(~(z− − z+)− ~z). It allows to perform the following estimation of interband contribution to the
conductivity in (IV.15):
σOhmab, ij (ω, k) =
ıe2
c2(2pi)2
β¯
∫
f [β¯(Ha0 (p
−)− µ)]− f [β¯(Hb0†(−p+)− µ)]
β¯~z − β¯Ha0 (p−) + β¯ Hb0†(−p+)
viab(p, k)v
j
ba(p, k)
(~ω −Ha0 †(−p+) +Hb0(p−))β¯
d(β¯~p)
=
ıe2~
(2pi)2
∫
ω˜
f [β¯(Ha0 (p
−)− µ)]− f [β¯(Hb0†(−p+)− µ)]
(a(p+)− b(p−))(~z˜12 − ea(p−) + hb (−p+))
v˜iab(p, k)v˜
j
ba(p, k)
(~ω˜ − ha(−p+) + eb(p−))
d~p, a < b. (IV.18)
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Here (p) = E(p)/c. Since Eha (p)− Eeb (−p) = 2E(p), then (IV.18) can be transformed to the form
σOhmab, ij (ω, k) =
ıe2
(2pi)2
∫
ω˜
f [((p)− µ)/T ]− f [((−p)− µ)/T ]
2(p)[(~z˜12)2 − 42(p)] v˜
i
ab(p, k)v˜
j
ba(p, k) d(~~p). (IV.19)
In the limit ~z12 → ω(k) + ıδ, δ → 0 (we omit sign ”˜” ), the expression (IV.17) leads to
σOhmaa, ij(ω, k) = −
ıe2
~(2pi)2
∫
ω(k)v˜iaa(p, k)v˜
j
aa(p, k)∂f [(a(p)− µ)/T ]/∂a(p)
(ω(k) + ıδ) ~ω − c2ω2(k) d(~~p), i, j ∈ {x, y}. (IV.20)
If one neglects the small value of ω2(k), in this limit the proposed estimation of conductivity is coincided with that in
[175].
V. THEORY AND EXPERIMENT
In this section we study essential features of the electric charge transport by pseudo-Majorana carriers in graphene
and compare the theoretical predictions with experimental data.
A. Braiding pseudo-Majorana modes and topological skew currents
Let us express the massless ohmic contribution σOii and the dynamical mass correction σ
add
ii to it as
σOii (ω
−+, k) =
ıβ¯e2
(2pic)2
Tr
{∫
d2~p
×v†i(p) f [β((H(p
+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~)
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))v
i(p)
}
, i = x, y (V.1)
and
σaddii (ω
−+, k) =
ıβ¯e2
(2pic)2
Tr
{∫
d2~p
(
− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) f [β((H(p
+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~)
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))v
i(p)
}
, i = x, y; (V.2)
respectively.
The polarization occurs because of the fact that ultrarelativistic massless quasiparticles can have hole-like states
during its time evolution due to uncertainty in the energy of these particles [178]. The linear polarization current
jZitterbewl = σ
Zitterbew
ll V is a displacement current. Here V is a voltage. Total conductivity σii in i-th direction can be
obtained by addition of the polarization contribution σZitterbewii and the dynamical Ohmic mass correction σ
add
ii to σ
O
ii
σii = σ
O
ii + σ
tp
ii , σ
tp
ii ≡ σaddii + σZitterbewii , σtpxx = −σtpyy. (V.3)
Let us choose a reference frame so that hole ~jx and electron ~jy Ohmic massless currents are directed along Cartesian-
coordinate axes X, Y respectively. Due to independence of coordinate and momentum spaces, the total current
~J = ~jx + ~jy = σ
O
xx
~Ex + σ
O
yy
~Ey is directed along an applied electrical field ~E = ( ~Ex, ~Ey), as it is shown in fig. 5a.
One can see that the sums of the polarization and dynamical mass corrections to the total current are the same
but of different signs accordingly to (V.3). If the inverse symmetry of a semimetal is not broken, then an angle
arccos
(
~J · ~E/|J |/|E|
)
is equal to zero and respectively currents
jtpx ≡ σtpxxEx, jtpy ≡ σtpyyEy (V.4)
are mutually compensated along ~E. The dependence of dielectric permeability =m σtpii on frequency ω in fig. 5b holds
three pairs of peak–antipeak. Accordingly, a three-particle excitation (negative (positive) charged exciton) reveals itself
as a state with three binding (gap) energies E1g, E2g, E3g (anti-binding energies E1g, E2g, E3g). These are Majorana
resonances (antiresonances). The pairs resonance–antiresonance are Majorana modes of three types (flavors), which
correspond to three dimer configurations [153]. One of these configurations is shown in inset to fig. 5b.
Finding of Majorana resonances (antiresonances) proves that a three-body scattering S-matrix is factorized into
three two-body scattering S-matrices, and, hence the Yang-Baxter equation (YBE), which can be viewed as the
factorization condition [179], holds. Physical meaning of YBE is in such quantum entangling of two-body states
in three-body one that the three-particle excitations are obtained by entangling of a some particle-hole pair with a
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(a) (b)
FIG. 5: (a) Sketch of currents in Dirac materials: jOx(y) is a massless ohmic current along axis X(Y ), j
tp
x(y) is a sum of the
polarization and dynamical-mass corrections to jOx(y), j
SO
x(y) is a spin-orbit contribution to j
O
x(y). ~E is an applied electric field.
(b) Frequency dependence of dielectric permeability =m σtpxx(−=m σtpyy) (magenta curve) and its fitting (blue curve) in rel.units
e2/~ for the SM-model (III.13). Spectrum consists of three Majorana resonances (binding energies) E1g, E2g, E3g of negative
(positive) charged exciton and from three anti-resonances E1g, E2g, E3g of positive (negative) charged exciton at temperature
T=3K, the higher chemical potential µ = 135 K. Inset shows a dimer configuration with corresponding binding (gap) energies.
particle (hole) [180]. The quantum three-body entangling states are electrically charged excitons. The last explains
and proves the existence of charge transport in topological SM with equal number of electrons and holes as charge
carriers.
At higher values of chemical potential µ, contrary to the massless Dirac fermion model of graphene conductivity with
one region of negative values of σOii for a doped SM, in our non-abelian SM-model with pseudo-Majorana excitations
there exist two regions with negative values of dielectric permeability σOii in fig. 6a. One of these regions is stipulated
by high value of chemical potential µ due to doping, the second one is the region of plasma oscillations owing to the
presence of Majorana modes. Value of the optical conductivity σopt = e
2
4~ for SM-model with Majorana model and the
massless Dirac fermion model coincide in the visible optical range and are equal to σopt = e
2
4~ in fig. 6a.
Since the precession of pz-orbitals holds in fig. 3e, the total Ohmic massless current ~J = ~j
O
x +~j
O
y precesses leading
to emergence of a magnetic field ~Bj of non-equilibrium spin ~S in fig. 6b in the absence of disordered influence of
substrates on ~S. As a result of the non-equilibrium spin Hall effect (NSHE), the currents Jspin−orbit2(1) ∼ B1(2)j σspin−orbit12(21) ,
~B
1(2)
j ≡ ~Bx(y)j arise in the absence of an external magnetic field ~B. At the same time, a sum ~Jspin−orbit1 + ~Jspin−orbit2
is directed along an external magnetic field ~B⊥, which is orthogonal to the electric field applied to a sample ~E, as it is
shown in fig. 6b, and, hence, the non-equilibrium spin ~S is not revealed in the ordinary Hall effect. The total current
~jskew =
∑2
i=1
(
~jOi +
~Jspin−orbiti
)
is skewed, since it flows at an angle α to ~E in fig. 6b.
Thus, our model qualitatively explains experimentally observed skew topological currents in TIs [181] and aligned
graphene/hBN superlattices [14] at zero magnetic field.
(a) (b)
FIG. 6: (a) Frequency dependencies of real (red and blue solid lines) and imaginary (dashed red and solid green lines) parts of
massless ohmic contribution σOxx(yy) to the conductivity in rel.units e
2/~ at very small wave number q = 10−8| ~KA| for the Dirac
massless fermion model [166, 175] (red solid and dashed lines) and for our model (III.13) (blue and green lines) , at temperature
T=3K, chemical potential µ = 135 K. (b) Sketch of rotation of the massless ohmic SM-currents jOx , j
O
y (dashed lines) as a
result of addition with currents jspin−orbit2(1) , generated by a magnetic field ~Bj of non-equilibrium spin ~S; ~j is a total massless
ohmic current; ~jskew is a skew topological current. jspin−orbit2(1) are depicted as j
SO
x(y), ~E is an applied electric field.
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B. Negative differential conductivity
Let graphene be disposed commensurately on the substrate, for example, of hexagonal boron nitride
(graphene/hBN/graphene) or graphite so that their hexagonal lattices practically coincide (are rotated in respect
to each other on a very small misalignment angle αm < 2
◦) [182–184]. In this case, the resonant influence of the
substrate on graphene leads to appearance of the interference long period Moire´ pattern on STM- and AFM-images
in fig. 7a [185, 186]. The heterostructures at αm = 0 are superlattices with center of inversion when Dirac electron
and hole cone of band structures are degenerated. Accordingly, coincidence of Van Hove singularities of electron
and hole densities in hyperbolic Dirac points leads to annihilation of electron-hole pairs, so that a tunnel current is
vanishing at small bias U . The last is observed as extrema of conductance dI/dU in fig. 7a [185, 186]. U is the
electric potential difference of the field directed transversally to the surface of the heterostructure. The polariza-
tion pair-production contribution σZitterbewii U and the ohmic massless current σ
O
iiU define electron-hole contribution
Ie−h = (σOii + σ
Zitterbew
ii )U into the tunnel current Ie−h through the alignment graphene/hBN/graphene heterostruc-
ture that can be negligibly small (Ie−h = 0) at small bias voltages U due to recovering mirror symmetry. Since the
massless Ohmic and the polarization contributions are absent, the displacement current J through the heterostructure
is determined by the expression J = <e σaddii (U)U only. The bias current J increases the heterostructure energy on a
value ~ω = CU2/2 + A0, where C is the electric capacitance of the heterostructure and A0 is a constant. Then the
dependence J = <e σaddii (ω)U in fig. 7b can be found with the condition U ∼
√
~ω. The current increase in volt-ampere
characteristics in fig. 7b is followed to its decrease in some range of values of U that is known as a phenomenon of
negative differential conductivity. Our theoretically predicted dependence J on U is completely consistent with the
experimental data represented in [187], as fig. 7b demonstrates.
(a) (b)
FIG. 7: (a) Conductance dI/dU as a function of voltage U applied to twisted graphene placed on graphite for a sample with
large Moire´ pattern (inset, scale 2 nm) at 1.16◦ misalignment angle [186]. (b) Dependence of tunnel current J on the bias
voltage U for heterostructure graphene/hBN/graphene: an experimental curve at 1.8◦ misalignment angle (black solid curve),
a theoretical one (green dashed curve) from [187], our theoretical simulation (red solid curve) of J in the SM-model (III.13) at
temperature T=3K, chemical potential µ = 135 K with its fitting (blue solid curve).
C. Longitudinal conductivity
For attacking the so called ”minimal dc-conductivity” problem [174, 176] it is important to obtain the frequency
dependence of longitudinal dc-conductivity for frequencies ω → 0 and non-vanishing wave vectors ~k = ~p/~ − ~KA(B).
The longitudinal conductivity σL(ω,~k) is defined through the conductivity tensor splitting into longitudinal and
transversal terms as [164]
σij(ω,~k) =
(
δij − kikj~k2
)
σT (ω,~k) +
kikj
~k2
σL(ω,~k). (V.5)
Let us consider an influence of spatial dispersion on longitudinal conductivity at low frequencies ω = 10−10, 4× 10−3,
13.3 K for graphene models N = 2, 3 in fig. 1. According to the numerical results in fig. 8, the dielectric permeability
(imaginary part of complex conductivity =m σOii ) of non-doped graphene in the massless Dirac fermion model N = 2
with spatial dispersion is positive at ω = 4 × 10−3 and 13.3 K, but takes zero value at ω = 10−10 K. In the model
N = 3 with spatial dispersion, the dielectric permeability can gain zero and negative values at all these frequencies.
Regions with zero and negative values of the dielectric permeability are regions of plasmonic oscillations where the
complex frequencies ω(kpl) + iγ(kpl) satisfy the following equation [188, 189]:
=m σOii (k, z)− i<e σOii (k, z) = 0, z = ω + iγ. (V.6)
16
Expanding eq. (V.6) into series in terms of powers of iγ in the vicinity of plasmonic resonance ωpl, =m σOii (kpl, ω(kpl)) =
0 gives the dumping constant for the plasmons
γ(kpl) =
<e σOii (ω(k))
∂=m σOii(ω(k))
∂k
(
∂ω(k)
∂k
)−1
∣∣∣∣∣∣∣
k=kpl
. (V.7)
According to simulation presented in fig. 8a, =m σOii (k, ω) at ω = 10−10 K is practically constant function in the model
N = 2, and, hence, the expression (V.7) diverges. Therefore, contrary to the model N = 3, the plasmon damping
occurs instantly in the model N = 2, γN=2 → ∞. Long living plasmons in the SM-model N = 3 are able to provide
screening in the electrophysical range. The massless Dirac fermion model with instantly damped plasmon oscillations
does not allow to describe screening of an external electric field.
(a) (b)
FIG. 8: Imaginary (a) and real (b) parts of longitudinal massless ohmic contribution σOxx(yy) to conductivity vs wave number k,
~k = ~p− ~KA(B) for our SM-model N = 3 (III.13) (solid curves) and for the massless Dirac fermion model [175] (dashed curves),
at temperature 100 K and frequencies 13.3 K (0.27 THz, blue color), 4× 10−3 K (83 MHz, green color), 10−10 K (2.08 Hz, red
color); chemical potential equals to 1 K. Inset to figure (a) demonstrates the behaviour of =m σOxx(yy) in a neighborhood of
small values; inset to figure (b) demonstrates the behaviour of <e σOxx(yy) in the region of small k .
Let us calculate the dc-conductivity σdc. We perform the inverse Fourier transformation as
σdc =
1
(2pi)2
∫
σO‖ (ω, k)e
i~k·~rd2k. (V.8)
According to fig. 8b, the Fourier image σO‖ (ω, k) of longitudinal conductivity at ω = 10
−10 K for the graphene model
N = 3 behaves itself approximately as the Dirac δ-function, that is equal zero everywhere except of k → 0, where
σO‖ (ω, 0) = 5.49e
2/~. Hence, the dc-conductivity (V.8) in the model N = 3 gains non-zero value
σdc,N=3(ω) =
1
(2pi)2
∫
σO‖,N=3(ω, k)e
i~k·~rd2k ≈ 1
2pi
∫
σO‖N=3(ω, 0)δ(|k|)ei
~k·~rdk =
5.49e2
h
, ω = 10−10 K (V.9)
at temperature 100 K and chemical potential 1 K. Contrary to this, the Fourier image of the dc-conductivity in the
graphene model N = 2 takes a constant value at large wave numbers k, hence, integrand in inverse Fourier trans-
formation of σdc,N=2(ω) in (V.8) is a highly oscillating function leading to zero value of the minimal dc-conductivity
σdc,N=2(ω), σdc,N=2(ω) = 0.
The minimal dc-conductivity of graphene in devices with large area of graphene monolayer on SiO2 turns out to be
σmin ∼ 4e2/h [190] at low temperatures (∼ 1.5 K). The minimal dc-conductivity of suspended graphene [191, 192] and
of graphene on boron nitride substrate [193] is σmin ∼ 6e2/h at T ∼ 300 K. Thus, our estimate (V.9) is in a perfect
agreement with experimental data.
D. Chiral anomaly, longitudinal magneto-conductivity, and splitting zero-bias conductance peaks
As it is sketched in fig. 3e, pz-orbitals precess. Accordingly, the topological currents j
tp
x(y) ∝ σtpxx(yy)) precess as
well, creating magnetic fields ~Btpx(y) in fig. 9a. Let us denote the resulting magnetic field
~Btpx + ~B
tp
y through ~ΩM .
Generally, external electromagnetic fields
{
~A,Φ
}
reorient randomly the directions of magnetic fields Btpx(y), disor-
dering the vortex SM-lattice and, as a result, breaking topological currents jtpx(y) ∝ σtpxx(yy)). Let us place SM on
superconducting substrate S. Then, nearly located and having equal topological charges vortexes of SM and S repel
each other. As a result, the vortex regions characterized by the definite sign ± of topological charge appear in SM. If
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vortex lattices of SM and S are consistent, topological components jtpx(y) of the current linked with
~Btpx(y) are rotated
in an external magnetic field ~B‖ at conditions that ~B‖ ⊥ ~ΩM and the electric field ~E and ~B‖ are parallel: ~E‖ ~B‖. Let
us denote the distribution of the magnetic fields inside a sample through { ~Bi,SM}
∣∣∣N
i=1
, N is a number of hexagons.
~ΩM is aligned along the direction of the effective magnetic field ~Beff = ~B‖ +
∑N
i=1
~Bi,SM = ~B‖ + ~BSM and hence, is
directed at an angle α to the electric field ~E. Meanwhile, the topological current ~JZBP (ZBP), called as a zero-bias
peak, emerges in the direction ~E as
JZBP ∝ ΩM cosα. (V.10)
Scheme of this phenomenon is demonstrated in fig. 9a.
If the magnetic field
∑N
i=1
~Bi,SM is small compared with the magnitude of the applied field ~B‖: ~BSM  ~B‖, then
~ΩM = ~Ω1,MN trends to align along ~B‖ in the absence of the electric ~E. Accordingly, the value JZBP trends to the
quantum limit
∑N
i=1(
~jtpi,x +
~jtpi,y). The quantity
∣∣∣~jtp1,x +~jtp1,y∣∣∣ is proportional to the Majorana conductivity [204, 205].
Now, let us consider the case
∑N
i=1
~Bi,SM  ~B‖. Then the following approximation for ~ΩM holds
~ΩM ≈ ~Ω1,Mn1 + Ω1,Mn2 ~BSM/|BSM |, n1 ∝ B‖, n1 + n2 = N. (V.11)
Here ~Ω1,M =
∑2
i=1
~Btp1,i, B
tp
1,x(y) are magnetic fields, generated by the topological currents j
tp
1,x(y) in one hexagon.
Then, the current ~JZBP (V.10) is approximated by the following expression:
JZBP ∝ Ω1,M (cosα)B‖. (V.12)
Contrary to the ordinary Hall effect, the contributions σtpxx and σ
tp
yy reveal themselves in the magnetic field
~B‖, directed
along the electric field ~E, when the current orthogonal to ~E, ~jtpx + ~j
tp
y , j
tp
i ∝ σtpii is rotated in the field ~B‖ due to
alignment of the spin of precessing pi(pz)-orbital at the angle α to ~B‖, as it is shown in fig. 9a. Hence, the longitudinal
magneto-conductivity is observed. Berry curvature ~Ωk leads to the change of the velocity of the charged particle from
~v in the field ~E to ~˙r in the field ~B‖ and ~E, ~E ‖ ~B‖ as [40, 194]
~˙r = ~v +
e
~
(
~Ωk · ~v
)
~B‖, ~v‖ ~E. (V.13)
Right hand sides of (V.12) and (V.13) are similar, but ~ΩM is a curvature of our Majorana model system. Eq. (V.12)
describes negative magnetoresistance (NMR) that represents the phenomenon of chiral anomaly at weak magnetic
fields parallel to electric ones [5, 195].
Bounding the vortex lattice of SM to the vortex lattice of the S-substrate NMR manifests itself as a splitting zero-bias
conductance peak (SZBP) in fig. 9b at higher values of chemical potential. The real part of the frequency dependence
of σtpxx(yy) for higher chemical potential is calculated based on the formula (V.3) and is represented in fig. 9c. The
two low-frequency peaks similar to SZBP with the height of about ∼ 0.24σopt ∼ 0.3768e2/h are observed in fig. 9c.
For one-dimensional SM possessing strong SOC, the height of ZBP would be four times smaller ∼ 0.0942e2/h. The
last coincides with experimentally measured in [196] ZBP (≈ 0.1e2/h) for such 1D topological superconductor as an
indium arsenide nanowire on an aluminium superconductor substrate. The effective magnetic field ~Beff in a sample is
determined through the competition between vortex-vortex repulsion and Lorentz force in an external magnetic field.
Therefore, SZBP disappears in strong external magnetic fields ~B, as it is shown in fig. 9b.
Magnetic-field-induced ZBP and its splitting, as expected for zero-energy Majorana state, were observed in [197, 198].
Magnetic pinning of vortices in S/1D-ferromagnetic heterostructures [199] [200], hybrid S/ferromagnetic TI [201], and
graphene/S [202] structures is called a proximity effect [83, 203]. Formation of superconductor-vortex clusters on
topological defects in 1D-ferromagnetic materials is possible [199]. Magnetic anisotropy of all these heterostructures
manifests itself in an external magnetic field in the form of quantized zero-bias conductance peak [196, 204–206].
VI. DISCUSSION AND CONCLUSION
Finalizing our finding, a Z2 topological semimetal model with a number of internal degrees of freedom (flavors)
N = 3 has been proposed, with three-body excitations as charge carriers. A novel Majorana-like quantum-field
approach allows to calculate low-frequency conductivity with accounting of the polarization and magnetoelectric
effects. Using this approach, braiding Majorana particles have been found and interpreted as dimer configurations
in the RVB-picture. The developed non-abelian quantum statistics predicts three flavor pairs Majorana resonance–
antiresonance.
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(a) (b) (c)
FIG. 9: (a) Sketch of splitting zero-bias conductance peak: ~Btpx(y) is a magnetic field of precessing spins of pi(pz)-orbitals, φ
is a turn angle of the Majorana curvature ~ΩM in a magnetic field ~B‖, parallel to electric field ~E. (b) Experimental low-bias
conductance as a function of applied magnetic field parallel to axis of an induced one-dimensional topological superconductor (a
system composed of an aluminium superconductor in proximity to an indium arsenide nanowire) at a higher chemical potential,
from [196]. (c) Our theoretical simulation of SZBP by the semimetal-model Hamiltonian (III.13) as two low-frequency peaks in
the frequency dependence of real part of topological conductivity σtpxx (magenta solid curve) and its fitting (blue solid curve) in
rel.units e2/~ at temperature T=3K and chemical potential µ = 135 K.
Dichroism of Dirac bands for the Z2 SM-model is provided by the vortex structure of the Dirac bands due to existence
of zero-energy Majorana modes and chiral braiding Majorana modes. It has been shown that the deconfinement of
the Majorana-like modes leads to the appearance of a set of gapless Fermi arcs.
Chiral-anomaly revealed in charge transport in the form of zero-bias conductance peak and its splitting is a specific
feature of the SM-model N = 3 with skew topological currents in zero magnetic fields. This splitting peak is stipulated
by non-zero curvature of the Majorana model.
In the model N = 3 there exists a mechanism for dynamical reduction of spatial dispersion of states. This dynamic
reduction provides a non-zero value of minimal dc-conductivity of graphene. Plasmonic oscillations in the massless
Dirac fermion model occur in electrophysic frequency range ω . 2 Hz, but practically dump instantly. Contrary to
this, the plasmonic oscillations in the Majorana-like massless fermion model have a finite dumping rate and exist both
in optical and electrophysic frequency ranges.
Significant advantage of the proposed Majorana-like fermion theory augment by a mixing mass term over the
massless Dirac fermion and Weyl SM-models consists in the achieved qualitative and quantitative consistency with
experimentally observable properties of topological semimetals. The Z2 topological SM-model with the flavors number
N = 3 can be considered as an effective tools to discover and investigate new Dirac materials and to develop new
devices for quantum computing.
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Supplementary Information
I. BAND-STRUCTURE SIMULATION DETAILS
Bispinor wave functions of quasiparticles can be represented through free Dirac fields of pi (pz)-electrons:
 ̂χ†−σA(B) (~r) |0,−σ〉
χ̂†σ
B(A)
(~r) |0, σ〉
 = e−ı( ~KA(B)−~qA(B) )·~r√
2

exp{−ıθkA(B)}φ1
exp{−ıθkA(B)}φ2
− exp{ıθkB(A)}φ2
exp{ıθkB(A)}φ1
 ≡ ( χ−σA(B)χ+σB(A)
)
, (S.1)
 ̂χ†+σA(B) (~r) |0, σ〉̂
χ†−σ
B(A)
(~r) |0,−σ〉
 = e−ı( ~KA(B)−~qA(B) )·~r√
2

− exp{ıθkA(B)}φ2
exp{ıθkA(B)}φ1
exp{−ıθkB(A)}φ1
exp{−ıθkB(A)}φ2
 ≡ ( χ+σA(B)χ−σB(A)
)
(S.2)
where θkB(A) are phases for free fermion fields [211],
φi =
1
(2pi)3/2
√
N/2
∑
~R
A(B)
l
exp{ı[ ~KA(B) − ~qA(B) ][~RA(B)l − ~r]}ψ{ni}(~r − ~RA(B)l ) (S.3)
is a Bloch function; maximally-localized Wannier functions ψ{ni}, i = 1, 2 are defined as
ψ{n2} = c1ψpz (~r ± ~δi) + c2ψpz (~r),
2∑
i=1
c2i = 1;ψ{n1} = ψpz (~r); (S.4)
~δi is a distance to nearest i−th site ~δi, i = 1, 2, 3; definition of wave vector ~qA(B) uses the reference frame origin located
in the Dirac point KA(B), ψpz (~r) is the pz-wave function of a hydrogen-like atom with an ”effective charge” 1 centered
at the graphene lattice sites.
An exchange interaction term (Σxrel)AB is determined as [133, 134, 138]
Σxrel
(
χ̂†−σ
A
(~r)
χ̂†σ
B
(~r)
)
|0,−σ〉 |0, σ〉 =
(
0 (Σxrel)AB
(Σxrel)BA 0
)(
χ̂†−σ
A
(~r)
χ̂†σ
B
(~r)
)
|0,−σ〉 |0, σ〉 , (S.5)
(Σxrel)AB χ̂
†
σ
B
(~r) |0, σ〉 = ∑Nv Ni=1 ∫ d~riχ̂†σiB (~r) |0, σ〉 〈0,−σi|χ̂†−σAi (~ri)V (~ri − ~r)χ̂−σB (~ri)|0,−σi′〉, (S.6)
(Σxrel)BA χ̂
†
−σ
A
(~r) |0,−σ〉 = ∑Nv Ni′=1 ∫ d~ri′ χ̂†−σA
i′
(~r) |0,−σ〉 〈0, σi′ |χ̂†σB
i′
(~ri′)V (~ri′ − ~r)χ̂σA (~ri′)|0, σi〉. (S.7)
In the approximation of free pi-electrons, all wave functions entering the expression (S.6, S.7) are
χ̂†−σi′A(~r) ≡ χ̂
†
−σ
A
(~r), χ̂†
σiB
(~r) ≡ χ̂†σ
B
(~r) for ∀ i, i′. (S.8)
Then, in this approximation we can write matrices (Σxrel)AB ≈ ΣAB and (Σxrel)BA ≈ ΣBA without self-action as
(Σxrel)AB χ̂
†
+σ
B
(~r) |0, σ〉 ≈ ΣAB χσB =
∑NvN−1
i=1
∫
d~ri
×V (~ri − ~r)
[
χ−σA(~ri) · χ∗−σB (~ri)
]
χ+σB (~r) =
1
23/2
∑NvN−1
i=1
∫
d~riV (~ri − ~r)
×
[
e−ıθKAφ1(~ri)eıθKBφ∗1(~ri) e
−ıθKAφ1(~ri)eıθKBφ∗2(~ri)
e−ıθKAφ2(~ri)eıθKBφ∗1(~ri) e
−ıθKAφ2(~ri)eıθKBφ∗2(~ri)
][ −e−ı[( ~KA−~qA)·~r−θKB ]φ2(~r)
e−ı[( ~KA−~qA)·~r−θKB ]φ1(~r)
]
, (S.9)
(Σxrel)BA χ̂
†
−σ
A
(~r) |0,−σ〉 ≈ ΣBA χ−σA =
∑NvN−1
i=1
∫
d~ri
×V (~ri − ~r)
[
χ+σB (~ri) · χ∗+σA(~ri)
]
χ−σA(~r) =
1
23/2
∑NvN−1
i=1
∫
d~riV (~ri − ~r)
×
[ −eıθKBφ2(~ri)(−1)e−ıθKAφ∗2(~ri) −eıθKBφ2(~ri)e−ıθKAφ∗1(~ri)
eıθKBφ1(~ri)(−1)e−ıθKAφ∗2(~ri) eıθKBφ1(~ri)e−ıθKAφ∗1(~ri)
] [
e−ı[( ~KA−~qA)·~r+θKA ]φ1(~r)
e−ı[( ~KA−~qA)·~r+θKA ]φ2(~r)
]
. (S.10)
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It follows from the expressions (S.9, S.10) that the matrices ΣAB and ΣBA have the form
ΣAB =
1
2
e{−ı(θKA−θKB )}
NvN−1∑
i=1
∫
d~riV (~ri − ~r)
[
φ1(~ri)φ
∗
1(~ri) φ1(~ri)φ
∗
2(~ri)
φ2(~ri)φ
∗
1(~ri) φ2(~ri)φ
∗
2(~ri)
]
, (S.11)
ΣBA =
1
2
e{−ı(θKA−θKB )}
NvN−1∑
i=1
∫
d~riV (~ri − ~r)
[
φ2(~ri)φ
∗
2(~ri) −φ2(~ri)φ∗1(~ri)
−φ1(~ri)φ∗2(~ri) φ1(~ri)φ∗1(~ri)
]
. (S.12)
The quasirelativistic Dirac–Hartree–Fock exchange interaction (S.11, S.12) in tight-binding approximation are deter-
mined by Eqs. (III.1, III.2) of the main text. In the direction perpendicular to the SM layer, the integration has been
limited to a distance equals two C–C bond lengths, the phases have been chosen as θKA = θKB .
Simulations of the band structure have been performed for two variants of approximation to the exchange operator.
The first one already mentioned above is the series expansion of the exchange matrices on deviation of the wave
vector from the Dirac point up to 4th order in the length of wave vector ~q. As it has been shown in [136–139],
this approximation leads to small imaginary part for the energy (spectral line width), this in fact not very bad as it
effectively corresponds to a finite decay. The approximation of the zero gauge-phases is valid in the Dirac point.
The second approximation is the use of the exchange interaction matrices calculated based on pi(pz)-orbital wave
functions with full exponents and with non-zero gauge-phases (see the detail of the approximation in [38, 138, 139, 141]).
The last approximation holds real eigenenergies for all wave vectors. The condition of the real values for the energy
playing a role of the gauge condition in the second approximation has been achieved by minimization (on respect to
a given phases set) of its imaginary part. This results into finite accuracy at the energy evaluation in situation with
non-zero phases.
Numerical simulations of eigenenergies have been performed for approximately 3500× 200 grid points (r, φ) in 2D
~q-space for the purposes of subsequent estimation of charge transport properties of the system. For simulations we
use the spectral line width equals to 1 K.
The calculated Majorana model bands  in fig. 3a and fig. S.1 have the form of cones near the Dirac point KA(B)
at wave numbers q < 0.0002KA. Then the Dirac cone is splitted, and eight tilted sub-replicas emerge at large q.
We have calculated the Fermi velocity vM (~qF ) for different wave vectors ~qF = {qF , φ} by the formula vM = ∂∂qF .
According to the Table I, the Fermi velocity vM (~qF ) decreases with a factor two in respect to its value vM (0) in the
Dirac point.
TABLE I: The dependence of the charge carriers velocity vM (~qF ) on wave vector ~qF = {qF , φ} at the Fermi level in polar
coordinates {qF , φ} for various directions shown in Fig. S.1b.
qF /KA φ, rad vM (~qF )/vM (0)
0 for all φ 1
0.005 0 0.9985
pi/2 0.9993
pi 0.9985
pi/2 0.9968
0.02 2pi/3 0.9920
4pi/3 0.9135
2pi/3 0.6148
0.1 5pi/3 0.5012
II. QUANTUM STATISTICS OF THE MODEL N = 3
A. Perturbation theory
To find the quasiparticle current (IV.6) in main text, we use the perturbation theory [160, 169]. Power series
expansion of (IV.2) allows to rewrite the potential energy V SM for interaction of the secondary quantized fermionic
field χ+σ
B
(x) with an electromagnetic field (Eq. (IV.1) in main text) in the following form
V SM = χ†+σ
B
−c~σBA2D · ec ~A− ˜ΣABΣBA(0)−∑
i
d ˜ΣABΣBA
dp′i
∣∣∣∣∣
p′i=0
(
pABi −
e
c
Ai
)
−1
2
∑
i,j
d2 ˜ΣABΣBA
dp′idp
′
j
∣∣∣∣∣
p′i, p
′
j=0
(
pABi −
e
c
Ai
) (
pABj −
e
c
Aj
)
+ . . .
χ+σ
B
. (S.13)
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(a) (b)
(c)
FIG. S.1: Energy bands of 2D semi-metal calculated in two approximations: (a, b) in the first-order approximation with zero
gauge phases in 4th order Taylor series expansion of exponential factors of the exchange operator for Pb monolayer (a) and
graphene (b); (c) in the second-order approximations with non-zero gauge phases in the exact expression for the exchange for
graphene. The Dirac cone and its six tilted replicas in the Dirac point is presented in figure (b). One of six pairs Weyl-like
nodes: source and sink is indicated in figure (a).
Taking into account that c~σBA2D is a quantum analog of the current vector [214] ~v, and expressing ~p
AB through the
dynamical mass ˜ΣABΣBA(~pAB − e ~A/c), the operator V SM (S.13) is rewritten as
V SM = −χ†+σ
B
{
~v · e
c
~A+ ˜ΣABΣBA(~pAB − e ~A/c)
×
 ˜ΣABΣBA(0)
˜ΣABΣBA(~pAB − e ~A/c)
+
∑
i
d ˜ΣABΣBA
dp′i
∣∣∣∣∣
p′i=0
(
vi − e
c
A˜i
)
+
˜ΣABΣBA(~pAB − e ~A/c)
2
∑
i,j
d2 ˜ΣABΣBA
dp′idp
′
j
∣∣∣∣∣
p′i, p
′
j=0
(
vi − e
c
A˜i
) (
vj − e
c
A˜j
)
+ . . .
χ+σB ,
(S.14)
where ~˜A = ~A/ ˜ΣABΣBA(~pAB − e ~A/c). In the interaction representation, if account for the first-order terms on
Ai and terms quadratic on vi in the expansion of the evolution operator Uˆ(x
′ − x′′) only, the Ohmic current
28
eχ†+σ
B
(x′)vix′xχ+σB (x) reads
χ†+σ
B
(x+)vlx+x−χ+σB (x
−) = Uˆ†(x+ − x′)χ†+σ
B
(x′)vlx′ x−χ+σB (x
′′)Uˆ(x′′ − x−)
=
[
1− ı
∫
V SM (x+ − x′)dt′d~r′ + . . .
]
χ†+σ
B
(x′)vlx′x−χ+σB (x
−) = {1 − (−ı)
∫ ∫
χ†+σ
B
(x+ − x′)×
∑
i
[e
c
v†
i
x+, x¯Ai + ˜ΣABΣBA(~pAB − e ~A/c)
d ˜ΣABΣBA
dpABi
(0) v†
i
x+, x¯ −
e
c
d ˜ΣABΣBA
dpABi
(0)Ai
− e
˜ΣABΣBA(~pAB − e ~A/c)
2c
∑
j
d2 ˜ΣABΣBA
dpABi dp
AB
j
(0)
(
v†
i
x+, x¯Aj + v
†j
x+, x¯Ai
)
×χ+σ
B
(x¯)dt¯ d~¯x dt′ d~x ′ + . . .
}
χ†+σ
B
(x′)χ+σ
B
(x′′)Uˆ(x′′ − x′)vlx′x− . (S.15)
Here x = {~x, t} is the 4-vector of space coordinates ~x and time t. The current (S.15) is the two-point function and,
therefore, has to be expressed through two-point G1(~r−~r ′, ~¯r−~¯r ′, t−t′) and four-point G2(x, x′, x¯, x¯′) Green functions.
Using the relation U(~r− ~r ′, t) = ıG1(~r− ~r ′, t) between the evolution operator U(~r− ~r ′, t) and the one-particle Green
function ıGµν1 (x, x
′) = (χ†)µ(x)χν(x′) [160], one can express the product of the field components χµ, χν , entering in
the form of multipliers in (S.15), through G1(~r − ~r ′, ~¯r − ~¯r ′, t− t′) as
G1(~r − ~r ′, ~¯r − ~¯r ′, t− t′) = 1
ı2
U(~r − ~r ′, t− t′)U(~r ′ − ~¯r, t) = 1
ı2
U(~r − ~¯r, t)
and through G2(x, x
′, x¯, x¯′) as G2(x, x′, x¯, x¯′) = (ı)2χ†(x)χ†(x′)χ(x¯)χ(x¯′). Now, we take into account the linear in
Ai terms only in Eq. (S.15), then after the standard procedure of transformation of the operator product into a normal
form [169], one can rewrite jOhmi in (IV.6) through two-point G1(~r − ~r ′, ~¯r − ~¯r ′, t− t′) and four-point G2(x, x′, x¯, x¯′)
Green functions:
jOhml =
∑
µ
eχµ†+σ
B
(x+)vlx+x−χ
µ
+σ
B
(x−)
= Tr
{
χ†+σ
B
(x′)χ+σ
B
(x′′) + ı
−ıe
(ı)3
∫ ∫ ∑
i
[
e
c
v†
i
x+, x¯Ai + ˜ΣABΣBA
(
~pAB − e
~A
c
)
d ˜ΣABΣBA
dpABi
(0) v†
i
x+, x¯
− e
˜ΣABΣBA(~pAB − e ~A/c)
2c
∑
j
d2 ˜ΣABΣBA
dpABi dp
AB
j
(0)
(
v†
i
x+, x¯Aj + v
†j
x+, x¯Ai
)
× G2(x+, x¯, x′, x′′)G1(x′′, x′)dt¯ d2~¯x dt′ d2~x ′dt′′ d2 ~x′′ + . . .
}
vlx′x− . (S.16)
Due to the fact that the Green functions G1, G2 are symmetric at change ~v → −~v, the integrals with expressions
proportional to vi, vanish in (S.16). Interparticle Coulomb interaction renormalizes the charge carriers mass [170] in a
way as it is shown in fig. 4. Therefore, d
˜ΣABΣBA
dpABi
≈ 0 near the Majorana zero-energy state, and respectively the third
term in the equation (S.16) is also equal to zero.
B. Low-frequency limit of the conductivity in the models N = 2 and N = 3 with spatial dispersion
Let us analyze the behavior of the low-frequency conductivity of the models N = 2 and N = 3 with spatial dispersion
of charge carriers. First, let us prove the following theorem
Theorem 1. Low-frequency conductivity of the charge carriers system with spatial dispersion for the N = 3 model,
in contrast to the model N = 2, takes nonzero finite values at frequencies ω  1.
Proof Self-energy operator Σˆself is expressed through the polarization operator Πˆ as [164]:
Σˆself (ω, k)G1 = i~V (k)Πˆ(ω, k), (S.17)
where V (k) is the Coulomb interaction operator in the momentum representation, G1 is the one-particle Green
function. In the neighborhood of the Dirac point, the one-particle Green function of negatively (positively) charged
carrier is G1 =
~−1
(ω∓k) . Let us use the Feynman diagram technique. The Feynman diagram for Πˆ has the form Πˆ =
, The Feynman representation for i~V (k) is a wavy line. For holes, the left hand side of the expression (S.17) is
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represented by the diagram Σˆself (ω, k)G1 = , whereas the right hand side of (S.17) is given by the diagram
i~V (k)Πˆ(ω, k) = . Using the diagram technique, the expansion of the expression (S.17) into perturbation
theory series is written as
= + + . (S.18)
Here, by the cross ”×” there have been marked crossed out lines. The first and the second terms in the expansion
(S.18) are called the Hartree-Fock approximation for ΣXC , the rest terms are for correlation interaction (correlation
energy), Σˆself = Σ
xc + Σc. Let us account for terms up to the second order in series on V in (S.18) as
≈ + + . (S.19)
From the form of the first and the second diagrams in expansion of (S.19) it follows that the Hartree-Fock approximation
Σxc = Σx+V self consists of the exchange Σx and the self-consistent Coulomb potential V self which is the polarization
correction of the first-order on interaction V .
From the another side, the self-energy Σˆself (ω, k) is the interaction energy for the current of charge carriers with
an electromagnetic field Aˆµ(ω, k):
〈0| Σˆself (ω, k) |0〉 = 〈0| χˆ†eγµχˆAˆµ(ω, k) |0〉 ≡ 〈0| jˆµAˆµ(ω, k) |0〉 .
Here γµ are the Dirac matrices, |0〉 is the vacuum state. In the Hartree-Fock approximation (S.19) electron-hole decay
is absent: =mΣxc(k) = 0, and respectively in this approximation we can rewrite imaginary part of the expression
(S.17) through the photon creation and annihilation operators Aˆ†µ(ω, k), Aˆµ(ω, k) as
=m 〈0| jˆµAˆ†µ(ω, k) |0〉 = =m[(i~)2V 2(k)ΠˆRPA(ω, k)G1] = =m[i~V (k)Πˆ(1)(ω, k)G1], (S.20)
where Πˆ(1) = i~V (k)ΠˆRPA, ΠˆRPA is the polarization operator in the random phases approximation (RPA). Expressing
current component jˆµ through the complex conductivity σ
∗(ω, k) as jˆµ = σ∗(ω, k)Aˆµ(ω, k) and using commutation
relations, one can transform (S.20) to the following form
=m[σ∗(ω, k) 〈0|
[
Aˆ†µ(ω, k), Aˆµ(ω, k)
]
|0〉 ] = =m[ı~V (k)Πˆ(1)(ω, k)G1], (S.21)
where the vacuum expectation 〈0|
[
Aˆ†µ(ω, k), Aˆµ(ω, k)
]
|0〉 from the commutator
[
Aˆ†µ(ω, k), Aˆµ(ω, k)
]
is a photon
propagator 1ω2−k2 . For the case of small spatial dispersion k → 0, one has G1 = 1/(~ω), and the expression (S.21)
becomes ”optical” alternating-current (ac) conductivity ([164]):
σ∗(ω)
ω
= ~(iV )2(k)ΠˆRPA(ω, k) = i(1− ∗(ω)), (S.22)
where ∗ = 1− V (k)Πˆ(1) is a complex dielectric permeability.
Now, let us consider the case of spatial dispersion of states ω ≤ k > 0, ω > 0 at very small frequencies ω  1. In
the model N = 2 of massless pseudo-fermions with spatial dispersion, the expression (S.21) for the hole conductivity
σ∗min having positive values is transformed to the form
=m σ∗min(ω, k) = (ω − k)=m [iV (k)Πˆ(1)(ω, k)]. (S.23)
Because of ω − k ≤ 0, in accord with formula (S.22) the left hand side of (S.23) gains physical positive values if the
real part of the polarization operator Πˆ(1) in the right hand side equals zero. The last means that the direct-current
(dc) conductivity (minimal dc-conductivity) σmin in the model N = 2 is equal to zero.
In the model N = 3, the action of the operators (Σxrel)AB (III.1) and (Σ
x
rel)BA (III.2) provides the squeezing
k → kAB of the part of states and respectively the expression for (S.23) is transformed to the following:
=m σ∗min(ω, kAB) = =m (iV )2(kAB)ΠˆRPA(ω, kAB)(ω − kAB). (S.24)
If ω > vF kAB , due to dynamic decrease of spatial dispersion there could exist part of quasi-particle states (S.24). It is
possible because ω can not gain the values less than vacuum frequency ω0. The last means that in the model N = 3,
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σmin can get non-zero value as well as optical conductivity. Thus, we prove that contrary to the N = 2 model, the
model N = 3 can demonstrate non-zero dc-conductivity.
Let us write down the Fourier-Laplace image of the operator ~vAB in the coordinate representation of secondary
quantization ∫
e−ıωte−ı~p·~rχ†+σ
B
(x)vix+x−χ+σB (x)dt d~r. (S.25)
Because of the fact that the operator ~vAB does not depend on time, trace ”Tr” of the Fourier components of (S.25) in
representation, where the operator H0 is diagonal, can be rewritten in the matrix form as
Tr
∫
eıωte−ı~k·~rχ†+σ
B
(x+)vix+x−χ+σB (x
−)dt d~r =
1
(2pi)6
∫
e−i(ω
+−ω−−ω)teı(
~p+− ~p−−~k)·~r
×Tr χ†+σ
B
(p+, ω+)vi~p+−~p−, (~p++~p−)/2 χ+σB (p
−, ω−)dt d~r dω+ dω−d2~p+d2~p−
= Tr
1
(2pi)3
∫
dω+dω−d~p+d~p−δ(ω+ − ω− − ω) δ( ~p+ − ~p− − ~k)χ†+σ
B
(p+, ω+)vi~p+−~p−,p χ+σB (p
−, ω−)
= Tr
1
(2pi)3
∫
χ†+σ
B
(p+, ω+− + ω′)vi~p+−~p−,p χ+σB (p
−, ω′) d2~p dω′ (S.26)
at the following conditions:
~p± = ~p± ~k/2, ω′ = ω+ − ω, ω+− = ω+ − ω− = ω (S.27)
owing to δ-functions entering the expression (S.26).
Let us perform the Wick turn (change from time to imaginary time) in order to find Fourier-Laplace image of the
expression (S.25) at finite temperatures T . In this representation, the Fourier image of one-particle Green function
G1(~r1, ~r
′
1, t1 − t′1) has the form [164]
G1(~r1, ~r
′
1, zν) =
∫ −i~β
0
dt1e
izν(t1−t′1)G1(x1, x′1), (S.28)
where β¯ = 1/(cT ), zν are Matsubara frequencies defined by the following expressions
zν =
piν
−i~β¯ +
µ
~
, ν =
{ ±1, ±3, . . . for fermions,
0, ±2, ±4, . . . for bosons. (S.29)
Analytical continuation of the function G1(x1, x
′
1) to interval (0, −i~β¯) is an advanced correlation function G>1 (see
[164]):
G1(~r1, ~r
′
1, zν) =
∫ +∞
−∞
∫ −i~β¯
0
dω
2pii~
dt1e
i(zν−ω)(t1−t′1)G>1 (~r1, ~r
′
1, ω) = −
∫ +∞
−∞
dω
2pi~
G>1 (~r1, ~r
′
1, ω)
e(zν−ω)~β¯ − 1
(zν − ω)
= −
∫ +∞
−∞
dω
2pi~
G>1 (~r1, ~r
′
1, ω)
e(µ−ω~)β¯eipiν − 1
(zν − ω) .(S.30)
We note that the right-hand side of the expression (S.30) includes the Fourier image of the retarded correlation function
G>1 (~r1, ~r
′
1, ω):
G1(~r1, ~r
′
1, zν) = −
∫ +∞
−∞
dω
2pi~
G<1 (~r1, ~r
′
1, ω)e
ipiν −G>1 (~r1, ~r ′1, ω)
(zν − ω)
=
∫ +∞
−∞
dω
2pi~
G>1 (~r1, ~r
′
1, ω)∓G<1 (~r1, ~r ′1, ω)
(zν − ω) =
∫ +∞
−∞
dω
2pi~
A˜(~r1, ~r
′
1, ω)
(zν − ω) . (S.31)
In (S.31) the upper sign refers to bosons, the lower sign to fermions; function A˜(~r1, ~r
′
1, ω) is called the spectral weight
A˜(p, ω) = AHF (p, ω) +AC(p, ω) = G1(ω + ı)−G1(ω − ı)
=
2
ı
=mΣC(p, ω)
[~ω − E(p)−<eΣC(p, ω)]2 + [=mΣC(p, ω)]2 , (S.32)
where E(p), AHF is the energy of quasi-particle excitation and the spectral weight in the Hartree-Fock approximation,
AC is the many-particle correction to the spectral weight. If the life time τ = 1/(2=mΣC) = 1/Γ of the quasi-particle
excitation is large, then the smallness of the decay rate Γ leads to the following relation
lim
Γ→0
A˜(p, ω) = AHF (p, ω) = δ(~ω − E(p))/ı. (S.33)
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The temperature Green’s functions of 2D fermions in the diagonal matrix representation are obtained by summation
of the Fourier-Laplace images on Matsubara frequencies z1, z12 = z2 + z1 with subsequent integration over momenta
~p [164]:
G1(x− x′′) = 1−ıβ¯~
∑
ν1
∫
d2~p
(2pi)2
e−ız1(t−t
′′)e−ı~p·(~r− ~r
′′)G1(z1, p), (S.34)
G2(~r1, ~r2, ~r′1, ~r
′
2, t− t′) =
1
−ıβ¯~
∑
ν12
∫
d2~p1d
2~p2d
2 ~p′1d
2 ~p′2
(2pi)8
e−ı(~p1·~r1+~p2·~r2−
~p′2·~r′2− ~p′1·~r′1)
×e−ız12(t−t′)G2(z12, p1, p2, p′1, p′2). (S.35)
Here the perturbed Green function G2(z12, p1, p2, p
′
1, p
′
2) is represented in the form of the perturbation theory series
G2(z
−+, p−, p+, p1, p2) =
1
−ıβ¯~
∑
ν+
{
G1(z
−+ − z+, p−)G1(z+, p+)
×
[
(2pi)4
(
δ( ~p− − ~p1)δ( ~p+ − ~p2)− δ( ~p− − ~p2)δ( ~p+ − ~p1)
)
+ı
∫
V ( ~¯p2 − ~p+)(2pi)2δ
(
~¯p1 + ~¯p2 − ~p− − ~p+
)
G2(z
−+, p¯1, p¯2, p1, p2)
d ~¯p1d ~¯p2
(2pi)4
]}
. (S.36)
Taking into account (S.26, S.27), the two-point Green function G1(x, x
′′) entering in (S.16) in the Matsubara repre-
sentation is written as
G1(x, x
′′) =
1
−ıβ¯~
∑
ν+−
∫
d2~p−
(2pi)2
e−ız
+−(t−t′′)e−ı~p
−·(~r− ~r′′)G1(p+, p−, z+−), (S.37)
where z+− = z+ − z−. Substitution of the Fourier series for vix+x− :
vix+x− =
∫
d2~p
(2pi)2
e−ı~p·(~r
+−~r−)vi~p+−~p−,p, (S.38)
G1(x, x
′′) (S.37), and G2(~r1, ~r2, ~r′1, ~r
′
2, t− t′) (S.35) into (S.16) and analytical continuation of the obtained expression
to the whole complex plane allow us to find the contribution for jOhmi (ω, k) which is linear on Ai:
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−) =
(−1)ıe2Ai
(ı)3c(2pi)14
×Tr
{
ı
∫
dt¯ d2~¯r dt′ d2~r ′dt′′ d2 ~r′′
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
) ∫
d2~p e−ı~p·(~r
+−~¯r)v†
i
~p+−~¯p,~p
× 1−ıβ¯~
∑
ν12
∫
d2 ~p+d2~¯pd2~p′d2 ~p′′e−ı(~p
+·~r++~¯p·~¯r− ~p′′· ~r′′−~p′·~r′)e−ı(z12+ω12)(t
+−t−−t′+t¯)G2(z12, p+, p¯, p′, p′′)
× 1−ıβ¯~
∑
ν+−
∫
d2~p−e−ı(z
+−+ω+−)(t′′−t′)e−ı~p
−·( ~r′′−~r′)G1(pˆ+, pˆ−, z+−)
}∫
d2~˜pe−ı~˜p·(~r
′−~r−)vi
~p ′−~p−,~˜p/2 , (S.39)
where
ω12 = 2piν12, ω
+− = 2piν+−; (S.40)
(p+ + p¯)/2 = p, (p′ + p−)/2 = p˜/2. Integrals of the form (2pi)−2
∫
exp(−ı∆~q · ~r)d2~r = δ(∆~q), over spatial coordinates
lead to the appearance in (S.39) the Dirac δ-functions so that
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−) =
(−1)ıe2Ai
(ı)3c(2pi)10
×Tr
{
ı
∫
dt¯ dt′ d2~r ′dt′′
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
) ∫
d2~p e−ı~p·~r
+
v†
i
~p+−~¯p,~p
× 1−ıβ¯~
∑
ν12
∫
δ(~p− ~¯p)d2~p+d2~¯pd2~p′d2 ~p′′e−ı
(
~p+·~r+−~p′·~r′
)
e−ı(z12+ω12)(t
+−t−−t′+t¯)G2(z12, p+, p¯, p′, p′′)
× 1−ıβ¯~
∑
ν+−
∫
d2~p−δ( ~p′′ − ~p−)e−ı(z+−+ω+−)(t′′−t′)e−ı~p−·(−~r′)G1(pˆ+, pˆ−, z+−)
}∫
d2~˜pe−ı~˜p·(~r
′−~r−)vi
~p ′−~p−,~˜p/2
32
=
(−1)ıe2Ai
(ı)3c(2pi)10
Tr
{
ı
∫
dt¯ dt′ d2~r ′dt′′
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×
∫
d2~p e−ı~p·~r
+
v†
i
~p+−~p,~p
1
−ıβ¯~
∑
ν12
∫
d2~p+d2~p′e−ı(~p
+·~r+−~p′·~r′)e−ı(z12+ω12)(t
+−t−−t′+t¯)G2(z12, p+, p, p′, p−)
× 1−ıβ¯~
∑
ν+−
∫
d2~p−e−ı(z
+−+ω+−)(t′′−t′)e−ı~p
−·(−~r′)G1(pˆ+, pˆ−, z+−)
}∫
d2~˜pe−ı~˜p·(~r
′−~r−)vi~p′−~p−,~˜p/2 . (S.41)
Integration of (S.41) over the rest spatial variables ~r′ gives
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−) =
(−1)ıe2Ai
(ı)3c(2pi)8
Tr
{
ı
∫
dt¯ dt′ dt′′
(
1− ˜ΣABΣBA(~pAB − e ~A/c)
× d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)∫
d2~p e−ı~p·~r
+
v†
i
~p+−~p,~p
1
−ıβ¯~
∑
ν12
∫
d2~p+d2~p′e−ı~p
+·~r+e−ı(z12+ω12)(t
+−t−−t′+t¯)
×G2(z12, p+, p, p′, p−) 1−ıβ¯~
∑
ν+−
∫
d2~p−e−ı(z
+−+ω+−)(t′′−t′)G1(pˆ+, pˆ−, z+−)
}∫
d2~˜p δ(~˜p− ~p− − ~p′)
×e−ı~˜p·(−~r−)vi~p′−~p−,~˜p/2 =
(−1)ıe2Ai
(ı)3c(2pi)8
Tr
{
ı
∫
dt¯ dt′ dt′′
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×
∫
d2~p e−ı~p·~r
+
v†
i
~p+−~p,~p
1
−ıβ¯~
∑
ν12
∫
d2~p+d2~p′e−ı~p
+·~r+e−ı(z12+ω12)(t
+−t−−t′+t¯)G2(z12, p+, p, p′, p−)
× 1−ıβ¯~
∑
ν+−
∫
d2~p−e−ı(z
+−+ω+−)(t′′−t′)G1(pˆ+, pˆ−, z+−)
}
e−ı(~p
−+~p′)·(−~r−)vi~p′−~p−,(~p−+~p′)/2 . (S.42)
Taking into account (S.40), the integral of the form
(2pi)−1
∫
exp(−ı∆ωt) dt = (2pi)−2
∫
exp(−ı2pi∆νt) d(2pit) = (2pi)−1δ(∆ν)
over time variables leads again to the Dirac δ-functions in (S.42) δ(∆ω) and we obtain:
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−) =
(−1)ıe2Ai
(ı)3c(2pi)8
Tr
{
ı
∫
dt¯ dt′ dt′′
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×
∫
d2~p e−ı~p·~r
+
v†
i
~p+−~p,~p
1
−ıβ¯~
∑
ν12
∫
d2~p+d2~p′e−ı~p
+·~r+e−ı(z12+2piν1(2))(t
+−t−−t′+t¯)G2(z12, p+, p, p′, p−)
× 1−ıβ¯~
∑
ν+−
∫
d2~p−e−ı(z
+−+2piν+(−))(t′′−t′)G1(pˆ+, pˆ−, z+−)
}
e−ı(~p
−+~p′)·(−~r−)vi~p′−~p−,(~p−+~p′)/2
=
(−1)ıe2Ai
(ı)3c(2pi)8
Tr
{
ı
1
−ı~β¯
∫ −ı~β¯
0
dt¯
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
) ∫
d2~p e−ı~p·~r
+
v†
i
~p+−~p,~p
× 1−ıβ¯~
∑
ν12
∫
d2~p+d2~p′e−ı~p
+·~r+δ
(
~ν12 +
µ12
2pi
+ ~ν+− +
µ+−
2pi
)
e−ı(z12+2piν1(2))(t
+−t−+t¯)G2(z12, p+, p, p′, p−)
× 1−ıβ¯~
∑
ν+−
∫
d2~p−δ
(
~ν+− +
µ+−
2pi
)
G1(pˆ
+, pˆ−, z+−)
}
e−ı(~p
−+~p′)·(−~r−)vi~p′−~p−,(~p−+~p′)/2 . (S.43)
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Performing the change δ
(
~ν12 + µ122pi + ~ν
+− + µ
+−
2pi
)
→ δ (z12 + z+−), one transforms Eq. (S.43) as follows
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−)
=
(−1)ıe2Ai
(ı)3c(2pi)8
Tr
{
ı
1
−ı~β¯
∫ −ı~β¯
0
dt¯
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×
∫
d2~p e−ı~p·~r
+
v†
i
~p+−~p,~p
1
−ıβ¯~
∑
ν12
∫
d2~p+d2~p′e−ı~p
+·~r+eı(z
+−+piν+−)(t+−t−+t¯)G2(z−+, p+, p, p′, p−)
× 1−ıβ¯~
∑
ν+−
∫
d2~p−δ
(
~ν+− +
µ+−
2pi
)
G1(pˆ
+, pˆ−, z+−)
}
e−ı(~p
−+~p′)·(−~r−)vi~p′−~p−,(~p−+~p′)/2 , (S.44)
where z−+ = −z+−, ν−+ = −ν+−. Based on the following change:
1
−ıβ¯~
∑
ν12
→ 1−ıβ¯~2pi
∫ −ıβ¯~
0
d(2piν1(2)) =
1
−ıβ¯~2pi
∫ −ıβ¯~
0
dω12 =
1
2pi
,
the subsequent integration on variable t¯ in (S.44)
∫ −ı~β¯
0
dt¯ eı(z
+−+ω+−)t¯
∣∣∣
z+−→0
=
1
ı
exp{[ 2piı ν+(−)~β + ω+−]~β¯} − 1
(z+− + ω+−)
∣∣∣∣∣∣
z+−→0
=
~β¯
ı
leads to the expression for the current
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−) =
(−1)ı2e2Ai
(ı)3c(2pi)9
Tr
{
1
−ıβ¯~
∑
ν+−
eı(z
+−)(t+−t−)
∫
d2~p+e−ı~p
+·~r+
×
∫
d2~p−eı~p
−·~r−
∫
d2~p d2~p′e−ı~p·~r
+
eı
~p′·~r−
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i~p+−~p,~pG2(z−+, p+, p, p′, p−) G1(pˆ+, pˆ−, z+−)
}
vi~p′−~p−,(~p−+~p′)/2δ
(
~ω+− + µ+−
)
. (S.45)
Substituting (S.31, S.32, S.33) into (S.45), we find finally
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−) =
(−1)ı2e2Ai
(ı)3c(2pi)10~
Tr
{
1
−ıβ¯~
∑
ν+−
eı(z
+−)(t+−t−)
×
∫
d2~p+e−ı~p
+·~r+
∫
d2~p−eı~p
−·~r−
∫
d2~p d2~p′e−ı~p·~r
+
eı
~p′·~r−
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i~p+−~p,~pG2(z−+, p+, p, p′, p−)
∫
dω
ı(z+− − ω)
[
δ(~ω − E(pˆ+, pˆ−))
+
(
Γ(pˆ+, pˆ−, ω)
[~ω − E(pˆ+, pˆ−)−<eΣC(pˆ+, pˆ−, ω)]2 + [Γ(pˆ+, pˆ−, ω)/2]2 − δ(~ω − E(pˆ
+, pˆ−))
)]}
vi~p′−~p−,(~p−+~p′)/2
×δ (~ω+− + µ+−)
=
(−1)ı2e2Ai
(ı)3c(2pi)10~
Tr
{
1
−ıβ¯~
∑
ν+−
eı(z
+−)(t+−t−)
∫
d2~p+e−ı~p
+·~r+
∫
d2~p−eı~p
−·~r−
∫
d2~p d2~p′e−ı~p·~r
+
eı
~p′·~r−
×
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
v†
i
~p+−~p,~pG2(z
−+, p+, p, p′, p−)
[
1
ı(z+− − ω(pˆ+, pˆ−))
+2pi
(
Γ(pˆ+, pˆ−, z+−)
[~z+− − E(pˆ+, pˆ−)−<eΣC(pˆ+, pˆ−, z+−)]2 + [Γ(pˆ+, pˆ−, z+−)/2]2 − δ(~z
+− − E(pˆ+, pˆ−))
)]}
×vi~p′−~p−,(~p−+~p′)/2δ
(
~ω+− + µ+−
)
, (S.46)
where ω(pˆ+, pˆ−) = E(pˆ+, pˆ−)/~.
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The product δ(~z+− − E(pˆ+, pˆ−)) and δ(~ω+− + µ+−) in (S.46) gives vanishing contribution
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−)
=
(−1)ı2e2Ai
(ı)3c(2pi)10~
Tr
{
1
−ıβ¯~
∑
ν+−
eı(z
+−)(t+−t−)
∫
d2~p+e−ı~p
+·~r+
∫
d2~p−eı~p
−·~r−
∫
d2~p d2~p′e−ı~p·~r
+
eı
~p′·~r−
×
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
v†
i
~p+−~p,~pG2(z
−+, p+, p, p′, p−)
[
1
ı(z+− − ω(pˆ+, pˆ−))
+
2piΓ(pˆ+, pˆ−, z+−)
[~z+− − E(pˆ+, pˆ−)−<eΣc(pˆ+, pˆ−, z+−)]2 + [Γ(pˆ+, pˆ−, z+−)/2]2
]}
vi~p′−~p−,(~p−+~p′)/2δ
(
~ω+− + µ+−
)
. (S.47)
The presence of δ (~ω+− + µ+−) in (S.47) allows to state on possibility of formation of long-time order in considered
macroscopic phenomena [171].
The Hamiltonian H satisfies the equations of motion
ı~
∂
∂t±
χp(~r, t
±) = H(p±) eıω
±t±χp(~r), t
+ > 0, t− < 0 (S.48)
for electrons and holes respectively. Therefore the frequencies ωˆ+, ωˆ− satisfy the expressions ωˆ+ ≡ ωe = H(p+)/~,
ωˆ− ≡ ωh = H†(−p−)/~, that allows to rewrite (S.47) as
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−)
=
(−1)ı2e2Ai
(ı)3c(2pi)10~
Tr
{
1
−ıβ¯~
∑
ν+−
eı(z
+−)(t+−t−)
∫
d2~p+e−ı~p
+·~r+
∫
d2~p−eı~p
−·~r−
∫
d2~p d2~p′e−ı~p·~r
+
eı
~p′·~r−
×
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
v†
i
~p+−~p,~pG2(z
−+, p+, p, p′, p−)
[
1
ı(z+− − ωe(pˆ+) + ωh(−pˆ−))
+
2piΓ(pˆ+, pˆ−, z+−)
[~z+− − E(pˆ+, pˆ−)−<eΣc(pˆ+, pˆ−, z+−)]2 + [Γ(pˆ+, pˆ−, z+−)/2]2
]}
vi~p′−~p−,(~p−+~p′)/2δ
(
~ω+− + µ+−
)
. (S.49)
For strongly correlated systems, which include Dirac materials, the energy E(pˆ+, pˆ−) of the pair of a free electron
and a hole does not exceed the correlational energy <eΣc [172]: E(pˆ+, pˆ−) < <eΣc. The last allows to rewrite the
current of electron-hole pairs (S.49) in the form
jOhmi =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−) =
(−1)ı2e2Ai
(ı)3c(2pi)10~
Tr
{
1
−ıβ¯~
∑
ν+−
eı(z
+−)(t+−t−)
∫
d2~p+e−ı~p
+·~r+
×
∫
d2~p−eı~p
−·~r−
∫
d2~p d2~p′e−ı~p·~r
+
eı
~p′·~r−
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i~p+−~p,~pG2(z−+, p+, p, p′, p−)
[
δ (~ω−+ + µ−+)
−ı(z−+ + ωe(pˆ+)− ωh(−pˆ−))
+
2piΓ(pˆ+, pˆ−, z+−)δ (~ω+− + µ+−)
[~z+− −<eΣc(pˆ+, pˆ−, z+−)]2 + Γ2(pˆ+, pˆ−, z+−)/4
]}
vi~p′−~p−,(~p−+~p′)/2 . (S.50)
Since Σc(pˆ+, pˆ−, z+−) =
∫∞
−∞
dω
2pi
Γ(pˆ+,pˆ−, ω)
z+−−ω , the correction for the correlation interaction describes the decay Γ and
therefore influences only on initial conditions of macroscopic current appearance. The charged-exciton model N = 3
is protected by the hexagonal symmetry, therefore in subsequent we calculate the Fourier component of the current
without accounting of the exciton decay as
jOhmi (~r
+, ~r−, t+ − t−) =
∑
µ
eχµ†+σ
B
(x+)vix+x−χ
µ
+σ
B
(x−)
=
1
−ıβ¯~
∑
ν+−
e−ız
−+(t+−t−)
∫
d2~p+
(2pi)2
e−ı~p
+·~r+
∫
d2~p−
(2pi)2
eı~p
−·~r−jOhmi (z
−+, ~p+, ~p−), (S.51)
jOhmi (z
−+, ~p+, ~p−)
=
(−1)ı2e2Ai
(ı)3c(2pi)6
Tr
{∫
d2~p d2~p′e−ı~p·~r
+
eı
~p′·~r−
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i~p+−~p,~pG2(z−+, p+, p, p′, p−)
[
δ (~ω−+ + µ−+)
−ı~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
]}
vi~p′−~p−,(~p−+~p′)/2 . (S.52)
35
C. Hartree–Fock approximation
In the Hartree–Fock approximation, the substitution of Eq. (S.36) into (S.52) gives
jOhmi (z
−+, ~p+, ~p−) =
ı2e2Ai
c(2pi)6
Tr
{∫
d2~p d2~p′e−ı~p·~r
+
eı
~p′·~r−
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i~p+−~p,~p
1
−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+)(2pi)4
(
δ(~p′ − ~p+)δ(~p− ~p−)− δ(~p′ − ~p−)δ(~p− ~p+)
)
× δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi~p′−~p−,(~p−+~p′)/2 . (S.53)
The matrix elements of the velocity operator have the following form:
v†
i
~p+−~p,~p = e
−ı(~p+−~p)·~rv†
i
(p), vi~p+−~p−,~p = e
ı~k·~rvi(p) (S.54)
where ~k = ~p+−~p−, ~r = ~r+−~r−. For the two-particle Green’s function represented by the following Feynman diagram:
~p′ −→ ~p+
~p←− ~p− (S.55)
the substitution of (S.54) into (S.53) and integration over δ(~p ′ − ~p+) first and then with δ(~p − ~p−) in the expression
(S.51, S.53) gives
jOhmi,1 (~r
+, ~r−, t+ − t−) = ı
2e2Ai
c(2pi)2
Tr
1
−ıβ¯~
∑
ν+−
e−ız
−+(t+−t−)
∫
d2~p+
(2pi)2
e−ı~p
+·~r+
∫
d2~p−
2pi
eı~p
−·~r−
×
{∫
d2~p δ(~p− ~p−)e−ı~p·~r+eı~p+·~r−
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i~p+−~p,~p
1
−ıβ¯~
∑
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G1(z
−+ − z+, p− k/2)G1(z+, p+) δ (~ω
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~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
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=
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c(2pi)2
Tr
1
−ıβ¯~
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−+(t+−t−)
∫
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(2pi)2
e−ı~p
+·~r+eı~p·~r
−
×
{∫
d2~p e−ı~p·~r
+
eı~p
+·~r−e−ı(~p
+−~p)·~reı~k·~r
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) 1−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+)× δ (~ω
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~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi(p) =
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Tr
1
−ıβ¯~
×
∑
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∫
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d2~p e−ı~p
+·(~r+−~r−+~r)eı~p·(~r
+−~r−−~r)eı~k·~r
{(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) 1−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi(p). (S.56)
Similarly, we can find the contribution of the second Feynman diagram for two-particle Green’s function:
~p′ ~p+↘↙~p ~p− (S.57)
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into Ohmic current
jOhmi,2 (~r
+, ~r−, t+ − t−) = − ı
2e2Ai
c(2pi)2
Tr
1
−ıβ¯~
∑
ν+−
e−ız
−+(t+−t−)
∫
d2~p+
(2pi)2
δ(~p− ~p+)e−ı~p+·~r+
∫
d2~p−
2pi
eı~p
−·~r−
×
{∫
d2~pe−ı~p·~r
+
eı~p
−·~r−
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i~p+~k/2−~p,~p
1
−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+ k/2) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi0,~p− = −
ı2e2Ai
c(2pi)2
×Tr 1−ıβ¯~
∑
ν+−
e−ız
−+(t+−t−)
∫
d2~p−
(2pi)2
eı2~p
−·~r−
{∫
d2~pe−ı2~p·~r
+
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i~p+~k/2−~p,~p
1
−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+ k/2) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi0,~p− . (S.58)
D. Electrophysical current
For the case of spatial dispersion and transitions from the energy level ED = 0 (~p
+ → ~k, ~p− = 0), the expression
(S.58) vanishes due to the fact that one of the matrix element of the velocity operator has a constant value vi0,~p− → vi0,0
at ~p+ → ~k, ~p− → 0. Therefore the expression (S.56) gives the minimal dc-conductivity in the limit p+ → k:
lim
p+→k
2∑
µ=1
jOhmi,µ (~r
+, ~r−, t+ − t−) ≡ jOhmi,min(~r+, ~r−, t+ − t−)
=
ı2e2Ai
c(2pi)2
Tr
1
−ıβ¯~
∑
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−+(t+−t−)
∫
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(2pi)2
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{(
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2 ˜ΣABΣBA
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AB
i
(0)
)
×v†i(p) 1−ıβ¯~
∑
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G1(z
−+ − z+, p−)G1(z+, p+) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi(p)
=
ı2e2Ai
c(2pi)2
Tr
1
−ıβ¯~
∑
ν+−
e−ız
−+(t+−t−)
∫
e−ı~k·~r
d2~k
(2pi)2
∫
d2~p
{(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) 1−ıβ¯~
∑
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G1(z
−+ − z+, p−)G1(z+, p+) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi(p). (S.59)
E. Optical current
Transitions from low-lying energy levels E → ED occur at excitation by electromagnetic radiation of the optical
range. Spatial dispersion is small at optical frequencies, which are high relative to those used in electrophysics. In
the zeroth approximation, the dynamic (optical) conductivity is calculated in the limit p− → p at k → 0. To find
contribution of the first Feynman diagram (S.55) into optical current jopti , let us rewrite (S.56) in the following form:
lim
k→0
jOhmi,1 (~r
+, ~r−, t+ − t−) ≡ jopti,1 (~r+, ~r−, t+ − t−)
=
ı2e2Ai
c(2pi)2
Tr
1
−ıβ¯~
∑
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2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) 1−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi(p). (S.60)
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Due to equality to zero of (S.58) at p− = 0, the expression (S.60) gives the main contribution to jopti at p→ 0:
lim
k,p→0
2∑
µ=1
jOhmi,µ (~r
+, ~r−, t+ − t−) ≡ lim
p, p−→0
jopti,1 (~r
+, ~r−, t+ − t−)
=
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Tr
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∑
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2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) 1−ıβ¯~
∑
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G1(z
−+ − z+, p−)G1(z+, p+) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi(p)
=
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2c(2pi)2
Tr
1
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(2pi)2
d2~p e−ı~k·~r
{(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) 1−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi(p). (S.61)
Contribution (S.58) of the second Feynman diagram (S.57) gives the following correction to optical current at small
values of p−  1, k = 0:
jopti,2 (~r
+, ~r−, t+ − t−) = − ı
2e2Ai
c(2pi)2
Tr
1
−ıβ¯~
∑
ν+−
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−+(t+−t−)
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×
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i
(0)
)
1
−ıβ¯~
∑
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× δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))
}
vi0,~p− = −
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c(2pi)2
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1
−ıβ¯~
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×
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)
×v†i(p˜) 1−ıβ¯~
∑
ν+
G1(z
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−+ + µ−+)
~(z−+ + ωe(ˆ˜p+)− ωh(− ˆ˜p−))
}
vi(p˜), (S.62)
where p˜ = p−. Taking into account that p˜ < p, and redesignating p as k, we obtain the final expression for jopti,2
jopti,2 (~r
+, ~r−, t+ − t−) = − ı
2e2Ai
c(2pi)2
Tr
1
−ıβ¯~
∑
ν+−
e−ız
−+(t+−t−)
∫
d2~k
(2pi)2
e−ı~k·~r
×
{∫ −~k/2
−∞
d2~˜pe−ı~˜p·~r
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p˜) 1−ıβ¯~
∑
ν+
G1(z
−+ − z+, p˜−)G1(z+, p˜+) δ (~ω
−+ + µ−+)
~(z−+ + ωe(ˆ˜p+)− ωh(− ˆ˜p−))
}
vi(p˜). (S.63)
The correction (S.63) is small due to the exponential multiplier e−ı~˜p·~r. This correction takes into account optical
transitions from the below lying negative energy levels E < ED, and has oscillating character that even more diminishes
the value of optical conductivity. Oscillating character of optical conductivity of pure graphene and its decrease at
wavelengths less than 500 nm in visible range has been observed in [173].
The comparison of (S.59) and (S.61) demonstrates that optical current for transition from zero-valued Dirac level
ED = 0, in a factor two less than electrophysical current.
F. Limit transition from optical to electrophysical current
In the known approaches [174–176], the value for low-frequency dynamical conductivity σdyn(ω) of pure graphene
demonstrates a jump to σdyn(0) at zero frequency ω = 0 at finite temperature and T → 0. In the case of vanishing
decay rate Γ = 0, σdyn(ω) becomes e
2/(4~) for all T in the limit ω → 0; conductivity becomes zero: σdyn(0) = 0 at
ω = 0 and T → 0 contrary to a finite value for minimal dc-conductivity [176]. Let us show that in the model N = 3
38
there is no conductivity jump in the transition from the case ω(0) → 0 to the case ω(0) → ω(k). To do this, let us
consider the behaviour of the correction (S.58) in the case of spatial dispersion ω(k)→ 0, when ~p− ~p− → 0:
lim
ω(k)→0
jOhmi,2 (~r
+, ~r−, t+ − t−) = − ı
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∫
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)
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}
, ω(k)→ 0. (S.64)
Since the condition p, p−  k/2 holds, one can rewrite (S.64) as
lim
ω(k)→0
jOhmi,2 (~r
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2c(2pi)2
Tr
1
−ıβ¯~
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∫
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(
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2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) 1−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+) δ (~ω
−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))v
i(p)
}
, ω(k)→ 0. (S.65)
Performing summation of (S.61) and (S.65), we get the current in dynamical regime in low-frequency limit ω(0) →
ω(k), ω(k) = vF k/~→ 0, which coincides with the expression for minimal dc-current (S.59).
G. Ohmic conductivity of the model N = 3
In (S.59) summation of the product of one-particle Green’s functions on Matsubara frequencies can be performed
using the residue theorem. This theorem allows us to replace the integration along the contour C ′ =
∑
ν C
′
ν , ori-
ented counterclockwise and surrounding the Matsubara frequencies zν , to integration over another contour C oriented
clockwise and surrounding the poles of functions G1 [177]. Fermi-Dirac distribution function
f [β(z − µ/~)] = {exp[β¯~(z − µ/~)] + 1}−1 (S.66)
has the poles in the points zν = piν/(ı~β¯) + µ/~, ν = ±1, ±3, ±5, . . . with residues (~β¯)−1. Therefore the sum
entering as a multiplier in (S.59), can be changed on a sum over poles β(z+ − z−)− β(E(p−)/~) and β(E(p+)/~) of
one-particle Green function G1(z
−+ − z+, p−) and G1(z+, p+) respectively:
1
−ıβ¯~
∑
ν+
G1(z
−+ − z+, p−)G1(z+, p+) = ıβ¯
∫
C
d[β(z)]
2piı
f [β(z − µ/~)]
β(z)− β(E(p+)/~)
1
β(z−+)− β(z)− β(E(p−)/~)
= −ıβ¯
∫
C
d[β(z)]
2piı
f [β(z − µ/~)] 1
β(E(p+)/~)− β(z)
1
β(z−+)− β(z)− β(E(p−)/~)
= −ıβ¯ f [β((E(p
+)− µ)/~)]− f [β(z−+ − E(p−)− µ/~)]
β(z−+)− β(E(p−)/~)− β(E(p+)/~) = −ıβ¯
f [β((H(p+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~) .(S.67)
Here C is a counterclockwise contour. Taking into account of (S.67), we find the Fourier image of the Ohmic current
(S.59):
jOhmi (ω
−+, k) =
ıβ¯e2Ai
c(2pi)2
Tr
{∫
d2~p
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) f [β((H(p
+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~)
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))v
i(p)
}
, ~ω  vF k → 0. (S.68)
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Due to (IV.3), the coefficient at Ai entering the expression (S.68) after its division on c, gives Ohmic conductivity of
SM:
σOhmii (ω
−+, k) =
ıβ¯e2
(2pic)2
Tr
{∫
d2~p
(
1− ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpABi dp
AB
i
(0)
)
×v†i(p) f [β((H(p
+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~)
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))v
i(p)
}
, ~ω  vF k → 0. (S.69)
H. Polarization effects
Let us consider the influence of particle-hole production on the behavior of the diagonal elements of complex
conductivity σll of SM. This contribution in σll is described by the polarization contribution to current entering into
the current (IV.6) in main text. The explicit expression is obtained in a manner similar to previous calculations and
reads
jZitterbewl = −
e2Al
c ˜ΣABΣBA(~pAB − e ~A/c)
χ†+σ
B
χ+σ
B
=
ıe2Al Tr
ı3c ˜ΣABΣBA(~pAB − e ~A/c)
×
{
χ†+σ
B
χ+σ
B
− (−ı)
∫ ∫ ∑
i
[
e
c
vix+−x′, x¯Ai(x¯) + ˜ΣABΣBA(~pAB − e ~A/c)
d ˜ΣABΣBA
dpABi
(0) vix+−x′, x¯
+
˜ΣABΣBA
2
(~pAB − e ~A/c)
2
∑
j
d2 ˜ΣABΣBA
dpABi dp
AB
j
(0) vix+−x′, x¯ v
j
x+−x′, x¯

× G2(x+, x¯, x′, x′′)G1(x− − x′′)dt¯ d2~¯x dt′ d2~x′ dt′′ d2 ~x′′ + . . .
}
. (S.70)
˜ΣABΣBA(~pAB − e ~A/c) ≈ d ˜ΣABΣBAdpABi p
AB
i near Majorana zero-energy state, and respectively the first term in equation
(S.70) is equal to zero:
jZitterbewl = −
e2Al
c ˜ΣABΣBA(~pAB − e ~A/c)
χ†+σ
B
χ+σ
B
=
ıe2Al
ı3c
×Tr
{
ı
∫ ∫ ∑
i
[
e
c
vix+−x′, x¯A˜i(x¯) +
d ˜ΣABΣBA
dpABi
(0) vix+−x′, x¯ +
∑
k
d ˜ΣABΣBA
dpABk
(0)
d ˜ΣABΣBA
dpABi
(0) vkx+−x′, x¯v
i
x+−x′, x¯
+
˜ΣABΣBA(~pAB − e ~A/c)
2
∑
j
d2 ˜ΣABΣBA
dpABi dp
AB
j
(0) vix+−x′, x¯ v
j
x+−x′, x¯

× G2(x+, x¯, x′, x′′)G1(x− − x′′)dt¯ d2~¯x dt′ d2~x′ dt′′ d2 ~x′′ + . . .
}
=
e2Al
ıc
Tr
{∫ ∫ ∑
i
[
˜ΣABΣBA(~pAB − e ~A/c)
2
d2 ˜ΣABΣBA
dpABi dp
AB
i
(0) vix+−x′, x¯ v
j
x+−x′, x¯
]
× G2(x+, x¯, x′, x′′)G1(x− − x′′)dt¯ d2~¯x dt′ d2~x′ dt′′ d2 ~x′′ + . . .
}
.(S.71)
The current (S.71) has the form similar to Ohmic one and can be calculated in the same way resulting with
jZitterbewl (ω
−+, k) =
ıβ¯e2Al
c(2pi)2
Tr
{∫
d2~p
2∑
i=1
˜ΣABΣBA(~pAB − e ~A/c)
2
d2 ˜ΣABΣBA
dp2i
(0)
×v†i(p) f [β((H(p
+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~)
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))v
i(p)
}
, ~ω  vF k → 0. (S.72)
In the expression (S.72) for jZitterbewl , not only electron moving along an applied electric field
~E contribute to but also
electrons diffusively moving in the direction which is perpendicular to ~E. Due to (IV.3), the coefficient at Ai entering
into the expression (S.72) after its division by c gives the polarization contribution to the conductivity
σZitterbewll (ω
−+, k) =
ıβ¯e2
(2pi c)2
Tr
{∫
d2~p
2∑
i=1
˜ΣABΣBA(~pAB − e ~A/c)
2
d2 ˜ΣABΣBA
dp2i
(0)
×v†i(p) f [β((H(p
+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~)
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))v
i(p)
}
. (S.73)
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I. Magnetoelectric effects
The contribution of magnetoelectric effects to the expression (IV.6) for the current is calculated in the same way,
the result reads
jspin−orbit2(1) = (−1)1(2)
ıe
2
χ†+σ
B
σz v
1(2)
x+x−χ+σB = (−1)1(2)
ı
2
(−1)ıe
(ı)3
×Tr
{
−(−ı)
∫ ∫ ∑
i
[
e
c
vix+−x′, x¯Ai + ˜ΣABΣBA(~pAB − e ~A/c)
d ˜ΣABΣBA
dpABi
(0) vix+−x′, x¯
+
1
2
∑
j
d2 ˜ΣABΣBA
dpABi dp
AB
j
(0)
(
˜ΣABΣBA(~pAB − e ~A/c)vix+−x′, x¯ −
e
c
Ai
)
×
(
˜ΣABΣBA(~pAB − e ~A/c)vjx+−x′, x¯ −
e
c
Aj
)]
G2(x
+, x¯, x′, x′′)G1(x− − x′′)dt¯ d2~¯x dt′ d2~x′ dt′′ d2 ~x′′ + . . .
}
σzv
1(2)
x′x−
= (−1)1(2) ı
2
(−1)ıe
(ı)3
Tr
{
−(−ı)
∫ ∫ [
d2 ˜ΣABΣBA
dpAB1(2)dp
AB
2(1)
(0)
(
˜ΣABΣBA(~pAB − e ~A/c)v1(2)x+−x′, x¯
) (
−e
c
A2(1)
)]
× G2(x+, x¯, x′, x′′)G1(x− − x′′)dt¯ d2~¯x dt′ d2~x′ dt′′ d2 ~x′′ + . . .
}
σzv
1(2)
x′x−
= (−1)1(2) ı
2
e2
ıc
A2(1)Tr
{∫ ∫
d2 ˜ΣABΣBA
dpAB1(2)dp
AB
2(1)
(0) ˜ΣABΣBA(~pAB − e ~A/c)v1(2)x+−x′, x¯
× G2(x+, x¯, x′, x′′)G1(x− − x′′)dt¯ d2~¯x dt′ d2~x′ dt′′ d2 ~x′′ + . . .
}
σzv
1(2)
x′x− . (S.74)
Contrary to the polarization effects (S.71), the Hall current jspin−orbit2(1) (S.74) is defined by non-diagonal derivatives of
the dynamical mass ˜ΣABΣBA. Performing the similar to previous calculation we find the explicit form for jspin−orbit2(1) :
jspin−orbit2(1) (ω
−+, k) = (−1)1(2) ı
2
ıβ¯e2A2(1)
c(2pi)2
Tr
{∫
d2~p ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpAB1(2)dp
AB
2(1)
(0)
×v†1(2)(p) f [β((H(p
+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~)
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))σzv
1(2)(p)
}
. (S.75)
Again, the coefficient at A2(1) entering into the expression (S.75) after its division by c gives the spin-orbit contribution
to the conductivity
σspin−orbit12(21) (ω
−+, k) = (−1)1(2) ı
2
ıβ¯e2
(2pi c)2
Tr
{∫
d2~p ˜ΣABΣBA(~pAB − e ~A/c)d
2 ˜ΣABΣBA
dpAB1(2)dp
AB
2(1)
(0)
×v†1(2)(p) f [β((H(p
+)− µ)/~)]− f [β(H†(−p−)− µ/~)]
β(z−+)− β(H(p+)/~) + β(H†(−p−)/~)
δ (~ω−+ + µ−+)
~(z−+ + ωe(pˆ+)− ωh(−pˆ−))σzv
1(2)(p)
}
. (S.76)
J. Diagonalized representation of the Hamiltonian
We utilize the following approximation:
~vAB ≈ ∂H
(0)
AB
∂~p
(S.77)
where H
(0)
AB is the unperturbed Hamiltonian of the problem (IV.1) in main text without the dynamical mass term:
H
(0)
AB = c~σ
BA
2D · ~pAB . (S.78)
Let indexes a, b = 1, 2 be for valence and conduction bands. We designate the eigenvalues of the unperturbed
electron Hamiltonian (S.78) in a band a(b) through Eea(b). Eigenvalues of hole Hamiltonian H
†
0 in the band a(b) are
designated by Eha(b). Due to the validity of the condition (S.27), it is possible to use the following expansion for ω
± :
~ω± ≡ ~ω(p±) =
{
Eea(b)(p) + (−1)iω(k)/2 for electrons
Eha(b)(−p)− (−1)iω(−k)/2 for holes,
(S.79)
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where indexes i = 1, 2 are for energy level of the band a(b) for electron ”e” (hole ”h”) with momentum p− before
transition and electron (hole) p+ after transition respectively. The conditions (S.79) mean that∣∣∣Ee(h)a(b) (p+)− Ee(h)a(b) (p−)∣∣∣ = ω(k),
[Eea(b)(p
±)− Eha(b)(p∓)] = Eea(b)(+p)− Eha(b)(−p).
(S.80)
Let us perform calculations in the representation where the Hamiltonian of the problem is diagonal. The velocity
operator ~vAB(BA) should be transformed by the similarity transformation of the form S
−1~vABS with a matrix S
constructed on the eigenvectors χ of the Hamiltonian. The corresponding matrix S should be constructed on the
eigenvectors of the operator adjoined to the Hamiltonian. In every p-point the particle (hole) Hamiltonian is represented
by 2 × 2 matrix, we denote matrix elements of the exchange operator (iΣxrel)AB(BA) formally as ΣAB(BA)ij . Then the
eigenvectors χi, i = 1, 2 of the Hamiltonian (S.78) being the rows of the appropriate matrix S can be expressed in an
explicit way:
χ1 =
{
ip sin(φ)(ΣAB11 Σ
AB
21 + Σ
AB
12 Σ
AB
22 ) + p cos(φ)(Σ
AB
12 Σ
AB
22 − ΣAB11 ΣAB21 )− p(ΣAB12 ΣAB21 − ΣAB11 ΣAB22 )
p
((
(ΣAB11 )
2 − (ΣAB12 )2
)
cos(φ)− i ((ΣAB11 )2 + (ΣAB12 )2) sin(φ)) , 1
}
(S.81)
χ2 =
{
ip sin(φ)(ΣAB11 Σ
AB
21 + Σ
AB
12 Σ
AB
22 ) + p cos(φ)(Σ
AB
12 Σ
AB
22 − ΣAB11 ΣAB21 ) + p(ΣAB12 ΣAB21 − ΣAB11 ΣAB22 )
p
((
(ΣAB11 )
2 − (ΣAB12 )2
)
cos(φ)− i ((ΣAB11 )2 + (ΣAB12 )2) sin(φ)) , 1
}
(S.82)
In this way we can calculate numerically the velocity operator in every p-point with subsequent its substitution to
the conductivity integral.
K. Integral calculations
Contributions to conductivity include 2D integrals over the Brillouin zone (BZ). For example, integrals in the Ohmic
contribution given by formulae (IV.15) have the following form:
σintraij (ω,
~k) =
∑
a=1,2
ie2v20
pi2
∫
BZ
d2~p
([
viaa(~p)v
j
aa(~p)
]
f [ε1(~p− ~k/2)]− f [ε1(~p+ ~k/2)]
)
(
ε1(~p+ ~k/2)− ε1(~p− ~k/2)
)(
ω − ε1(~p+ ~k/2) + ε1(~p− ~k/2)
) , (S.83)
σinterij (ω,
~k) =
2iωe2v20
pi2
∫
BZ
d2~p
vi12(~p)v
i
21(~p)
(
f [ε1(~p− ~k/2)]− f [ε2(~p+ ~k/2)]
)
(
ε2(~p+ ~k/2)− ε1(~p− ~k/2)
)(
ω2 −
(
ε2(~p+ ~k/2)− ε1(~p− ~k/2)
)2) . (S.84)
Here the first integral is for intraband transitions, the second one is for interband ones. Now, we highlight the pole
structure for the integrands for small but finite ~k, accounting that 1(~p) = −2(~p). The first integral can be rewritten
as
σintraij (ω,
~k) =
∑
a=1,2
ie2v20
pi2
∫
BZ
d2~p
[
viaa(~p)v
j
aa(~p)
] df(ε)
dε
∣∣∣∣
ε=ε1(~p)
1
(ω − ~k · ∇ε1(~p))
, (S.85)
where we have performed the Taylor series expansion on |~k| up to a linear terms. In the second integral only the
second term in denominator can produce poles, so we expand it into a power series on |~k|, make a change to polar
coordinates (px, py)→ (p, φ) that results
σinterij (ω,
~k) =
2iωe2v20
pi2
∫
BZ
pdp dφ
vi12(~p)v
i
21(~p)
(
f [ε1(~p− ~k/2)]− f [ε2(~p+ ~k/2)]
)
(
ε2(~p+ ~k/2)− ε1(~p− ~k/2)
) (
ω2 − 4p2 − k2 sin2 φ) . (S.86)
Pole structures of (S.85) and (S.86) is presented in fig. S.2. In accordance to (S.85) and fig. S.2 at ~k = 0 this integral
is a regular one, whereas at finite k there is a line of poles (dashed lines in figure). At a finite k the pole structure
of σinterij (ω,
~k) (S.86) is an elliptic one that results in necessity to account an infinite sum of poles as contribution
to conductivity: σinterij (ω,
~k) ∝ ∫ dφ Res(φ), where Res(φ) is a residue in the pole located at angle φ on the poles
line. The integral (S.86) in the case k = 0 holds poles laying at a circumference that can be effectively reduced to
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FIG. S.2: Sketch of the poles structure of integrands for intra- (dashed lines) and inter-(solid lines) bands contribution to
conductivity. Solid lines parameters at ω = 1 (in units of vF | ~KA|) are k/| ~KA| = 0.1 (red), 0.7 (green), 0.9 (blue). Dashed lines
parameters at ω = 0.2 (in units of vF | ~KA|) are k/| ~KA| = 0.21 (red), 0.4 (green), 0.9 (blue).
a single one as σinterij (ω,
~k) ∝ 2pi Res1, where Res1 is a residue in arbitrary point of the circumference. For very
oblate ellipse at large k the main contribution to the integral (S.86) gives the only points touching the circumference
σinterij (ω,
~k) ∼ 2 Res1. Thus, the value of the optical conductivity decreases with the growth of k. In experiment
the optical transmission through a graphene monolayer for normal incidence and respectively the optical conductivity
really decreases in optical wave range in direction of shorter wave lengths [173, 209].
We define the energy limit of applicability 1 eV≈ 104 K of tight-binding approximation as a ωmax of the model
with linear dispersion. Then, the upper integration limit qmax on momentum is qmax ∼ ωmax/vF , and respectively for
the model of massless Dirac fermions the integration should use the range from 0 to q < 0.14 KA − 0.28 KA. As the
simulation results presented in fig. S.3 demonstrate, the integration within this limits leads to the conductivity fall in
the range ωmax ∼ 4000−8000 K. But, experimentally such a fall starts at much higher frequencies (8000 K) [173, 209].
Thus, the range of momenta to predict conductivity in visible optical range is outside the limits of applicability of the
massless Dirac fermion model.
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FIG. S.3: Frequency dependencies of the real and imaginary parts of the massless Ohmic term of conductivity at very small
wave number q = 10−8| ~KA| in rel. units e2/~; a cutting parameter qmax = 0.14 KA. The model [166, 175] is simulated at
T=3K, chemical potential µ = 135K (red dashed lines in figures (a–b)) and at T=200K, µ = 33K (red dashed line in figure (c)).
Numerical results for our model are green-solid and black-dashed lines for the first-order approximation (with zero gauge-phases)
(III.5) at T=3K, µ = 135K and T=200K, µ = 33K respectively, and blue line for the second-order approximation (with non-zero
gauge-phases) (III.13) at T=3K, µ = 135K in figures (a–b). (c) Dependence of the real and imaginary parts of the massless
Ohmic term of conductivity on a damping γ for the second-order approximation (III.13) with γ = 0.1 (green curve) and γ = 1
(blue curve) at T=200K, µ = 33K.
According to the Table I, the Fermi velocity vM for our model of massless Majorana energy states decrease in a factor
higher than two for high wave numbers q in respect to its value in the Dirac point. Therefore, the range q, q < ωmax/vM ,
ωmax <1 eV increases in a factor two compared to the massless Dirac fermions. Since q < 0.28 KA − 0.56 KA for our
model, the range of integration over momentum |q| < 0.44 |KA| is appropriate one and for it ωmax > 7000 K.
In the first-order approximation with zero-phases of the gauge fields, the analytical formulas for the integrands in
separate conductivity contribution terms have been used. The integrals have been calculated with adaptive integration
steps in both directions (|k|, φ) providing high calculation accuracy (not less than 0.01%).
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In the second order approximation with nonzero-phases of the gauge fields, we have to calculate numerically by
introducing into consideration a small positive damping constant γ for the states as a small imaginary contribution
to the energies. The values of γ define the extend of smoothness of the singular behaviour of integrand and does not
influence on the general form of the dependency curve in accordance to fig. S.3c.
All quantities necessary for calculation of the complex conductivity have been calculated on a grid in the space of
wave vectors with 200 discretization in angle φ for every given wave number q and variable step (a denser grid at small
wave numbers and larger at large ones) to the maximum wave number qmax = 0.44|KA|. 2D interpolation on this grid
has been used to integrands evaluation in the intermediate points that is necessary for conductivity simulations. An
error stipulated by the interpolation from the grid in wave vectors space has been roughly estimated by interpolation
of the conic spectrum of Dirac pseudo-fermion model on the same lattice with subsequent usage of the interpolation
data for evaluation of the conductivity. Its value turns out to be less than 10−3% .
Total estimation of the conductivity error has been performed by variation of the number of points used for inter-
polation of the energy band spectrum (by diminishing this number at factor two and subsequent comparison of the
simulation results in both cases). It turns out to be not exceeding 10% in the considered frequency region. It should be
noted that the error bars for values of the Fermi velocity which was measured by different techniques including trans-
port experiments (Shubnikov – de Haas oscillations) [210], infrared measurements of the Pauli blocking in graphene
[207], magneto-optics [208], were also of the order of 10% .
